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28 August 2009
Material covered in today’s session: notebook suggestions, Tournament
problem, Homework assignment.
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Warm up with Quickies. Each class will begin with some quickies.
These are meant to stimulate quick thinking, while teaching useful
strategies. Today’s quickies were
Quickie 1. I have two coins adding up to 30 cents. One of them is not a
nickel. What coins do I have?
Quickie 2. There are twelve apples on the table. We ate all but four. How
many are left?
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Figure 1: I chose this as our logo! It
shows how you will be learning math
in this course - revisiting concepts
continually, doing the same kind of
problems in more and more sophisticated ways!

Principle. Read the problem carefully!

Notebook Suggestions
Efficient study habits will greatly enhance the benefits from this
class. I suggest having a 100 pg notebook, preferably grid lined since
we expect to draw diagrams often, used as follows. Please number all
the pages. Divide the book into five sections.

Also a Strategy. If you are solving
the wrong problem, however clever you
are, you are not going to get the right
solution.

1. Table of Contents. About four pages. Will fill up with the sections
as well as important problems.
2. Strategies. About four pages. Whenever your child notices a general strategy, it should be written down here.
3. Principles. About four pages. Whenever your child notices a general principle, it should be written down here. .
4. Problems. About half the book. This is where your child will write
down solutions to problems. Slowly, we will develop the ability to
write proofs.
5. Rough Work. The rest of the book. Where you can experiment
with calculations and ideas.
This notebook will serve as an excellent source of material to build
upon in the future.

Problems
I will discuss a few problems in depth in class. I will write them
up here, but as the children get more familiar with the material, I

Strategy. How to solve certain kinds
of problems.
Principle. A general rules to follow
while problem solving

Proof. Tells you why something must
be true.
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expect to only outline the discussion, and in a few cases, only state
the problem. Your child should review this section after each class,
and periodically, to refresh one’s memory of different strategies.

Games in a Knockout Tournament
Problem 1. Eight teams play in a knock out tournament (that is, the loser
in a game is eliminated from the tournament, and there are no ties allowed).
How many games were played?
Solution. By drawing a diagram, it is clear that eight games will be
played.
4

Strategy. Draw a diagram.
Many problems can be solved simply
by drawing the right diagram.
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How else could you have done it?
What if there are 256 teams? . We see that drawing a diagram is
impractical for so many teams. There must be another way. We notice
that we could have counted the number of games in each round. For
256 teams, we use the following table.
round
1
2
3
4 5 6 7 8 total
games 128 64 32 16 8 4 2 1 255
Now we notice a strange pattern! For 8 teams, we got 7 games,
and for 256 teams, we got 255 games. Let us conjecture the following.
Conjecture. The number of games must be one less than the number of
teams.

Principle. Reflect on your solution.
After you solve a problem, think
about its solution. Can you see it at
a glance? Could you have solved it
easier? The most important learning
happens when you reflect this way.
Strategy. Generalize!
Sometimes, thinking about a more
general problem gives you ideas on
how to solve the problem better.
Strategy. Look for a pattern.
Conjecture. Something we think
might be true
Principle. Conjectures, Theorems, and
Counter examples.
When you make some observation,
you can make a conjecture, a guess that
this must be true. You can then either
prove it, in which case it becomes a
theorem, or disprove it using a single
counterexample, where this isn’t true.
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Thinking about what is special about seven and 255, we realize
that every game has exactly one loser, and every team, except the
final winner, loses exactly once, after which it leaves the tournament.
So, counting the losers is same as counting the number of games!
Since every team except the final winner is a loser, the number of
games is one less than the number of teams.
This solution is even better. How many games in a tournament
with 512 teams? We don’t even need to add up anything, we know
the answer right away, 511!
What if we had say 69 teams (so that some have to get byes)?

Strategy. Count another way.
In all counting problems, it helps to
count the same thing another way.

Homework
I will assign homework every week. It should take about 30 to 45
minutes every week. Almost all of the benefit from this program will
come from your child spending this time at home. It will also help us
keep the class moving forward. This week, I have assigned problems
from the first olympiad test from the last time I taught this class.
Assignment 1. Set up your notebook. Review the problem done in class.
Write down some of the strategies and principles you learnt while solving
the problem.
Assignment 2. Take the attached sample test from MOEMS. Do not
worry how you do! The only reason for your taking this test is for me to
understand what to teach first.
Assignment 3. Think about the problem I ended the class with! Do you
remember it? What strategy will you use?

Principle. Carry around problems
in your head! The practice of putting
away problems in your mind and
thinking about them again when you
get some time, will build up your
mental muscles!
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4 September 2009
Material covered in today’s session: Tournament problem revisited,
Powers of 2, Ostriches and Zebras, Homework assignment.
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Warm up with Quickies. Today’s quickies were
Quickie 1. There are twelve one cent stamps in a dozen. How many two
cent stamps are there in a dozen?
Quickie 2. Water lilies in pond double every day. They cover the full pond
in five days. When was the pond half covered?

Problems
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Principle. Read the problem carefully!
Also a Strategy. If you are solving
the wrong problem, however clever you
are, you are not going to get the right
solution.

I will discuss a few problems in depth in class. I will write them
up here, but as the children get more familiar with the material, I
expect to only outline the discussion, and in a few cases, only state
the problem. Your child should review this section after each class,
and periodically, to refresh one’s memory of different strategies.

Games in a Knockout Tournament, revisited
Problem 1. Eight teams play in a knock out tournament (that is, the loser
in a game is eliminated from the tournament, and there are no ties allowed).
How many games were played?
Solution. We solved it two different ways - by drawing a diagram,
and by a counting argument. It is important to understand the counting argument. Every game has exactly one loser, and every team,
except the final winner, loses exactly once, after which it leaves the
tournament. So, counting the losers is same as counting the number of games. Since every team except the final winner is a loser, the
number of games is one less than the number of teams!
During class, a couple of kids incorrectly calculated 69 to be half
of 128, and were stuck, since it couldn’t be divided by 2. But what
if we did indeed have 69 teams? If this is hard to think about, think
about a simpler, but similar problem! What if we had nine teams?
If we had nine teams, one team would get a bye and sit out the
first round. Does it matter which team gets the bye? It does not! So,
without loss of generality, let us choose the first person to get the bye.
In the first round, we will have four games, and in the second
round, we will have five teams (the bye plus the four winners of the

Strategy. Think of a similar, simpler,
problem.
If you cannot solve a problem, think
of a similar problem that is simpler
to solve. Solving the simpler problem
might help you with a strategy for the
main problem.
Principle. Without loss of generality
(wlog).
You can choose anything when it
doesn’t affect the solution.
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first round). Once again, some team will get a bye. So in the second
round, we will have two games, and in the third round, there will be
three teams. Reasoning this way, check that there will be a total of 8
games now.
But this should not be a surprise! The counting argument above
explains why this is true. So, for 69 teams, we will get 68 games.
(Check!).
So, while we solved the problem using a diagram, and using a
counting argument, the counting argument is a better method because it lets us answer the same problem for other number of teams
easily.
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Principle. Some methods are better than
others.
Another reason to look for many ways
to solve the same problem is that some
ways are simpler to use than others.

Powers of 2
Problem 2. In calculating the number of games, we noticed a strange
pattern:
20 + 21 + 22 = 7 = 23 − 1

powers. What we mean by 23 is
2x2x2. Check that the powers of two
are 1, 2, 4, 8, 16, 32, 64, 128, 256, 512.
Computers use these powers to do
everything!

20 + 21 + 22 + 23 + 24 + 25 + 26 + 27 = 255 = 28 − 1
What is the pattern? Is this always true?
Solution. Remember the figures I drew in class to see why this happens. This is an example of a proof without words!.

Ostriches and Zebras

Strategy. Proof without words.
You can prove some things with just
diagrams!

Problem 3. My friend has Ostriches and Zebras in his farm. I counted 18
heads and 46 legs. How many Ostriches and Zebras did he have?
Solution. There are many ways to solve this. Try to understand every
one of these since this will be useful in many problems.
Both Ostriches and Zebras have only one head each, so there must
be a total of eighteen animals in the farm. Let us guess there were 9
ostriches and 9 zebras. An ostrich has two legs, and a zebra, four. So
the total number of legs wold be 9 × 2 + 9 × 4 = 54 legs. This is too
many legs. Guess again! Eventually, we will find that 5 zebras and 13
ostriches is the solution.
Guessing this way a few times, one should get the key insight:
Replacing an Ostrich by a Zebra keeps the number of heads the same
but increases the number of legs by two.
This suggests the following idea. What if we had all Ostriches?
Then we would have 18 heads, but only 36 legs. We need 10 more
legs. Since replacing an Ostrich by a Zebra gives us two more legs,
we need to replace five Ostriches by Zebras. Again, we find the same
solution, 5 Zebras and 13 Ostriches.
Or, we can start with all Zebras! Then, we would have 18 × 4 = 72

Strategy. Guess and Check!
Guess an answer, check if it is correct.

Invariant Something that does not
change as the situation changes.
Strategy. Solve a special case of the
problem.
Choose a special case of the problem
that you can solve easily. Can you go
from this solution to the real solution?
Strategy. Consider the extremes!
Special cases of the problem that are
especially useful to start with are the
extremes - all ostriches, all zebras.
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legs. Now we have 26 legs too many. Replacing a Zebra by an Ostrich
reduces the number of legs by 2 each time, so we need to replace 13
Zebras by Ostriches. Once again, we find 5 Zebras and 13 Ostriches.
What if this idea did not occur to us? We could always make a
table for all possibilities, and check the answer.

Strategy. Make a systematic list.
Sometimes, simply listing out all the
possibilities is a useful approach.

zebras
ostriches

0
18

1
17

2
16

3
15

4
14

5
13

6
12

7
11

8
10

9
9

10
8

11
7

12
6

13
5

14
4

15
3

16
2

17
1

18
0

legs

36

38

40

42

44

46

48

50

52

54

56

58

60

62

64

66

68

70

72

Or, we could draw a figure, a graph.

Here, we plot
the number of legs against the number of Zebras, as we increase the
number of Zebras from 0 to 18. Notice that we get a straight line. The
relationship is said to be linear.
We could also solve this problem using equations. Suppose we
call O the number of Ostriches, and Z the number of Zebras. Since
each animal has one head, we get the first equation from the fact that
we counted 18 heads:
O + Z = 18.
Since each Ostrich has two legs, Ostriches will have 2 × O legs in
total, and similarly, Zebras will have 4 × Z legs. Since we know the
total number of legs to be 46, we get another equation.
2 × O + 4 × Z = 46.
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Strategy. Draw a graph! A graph can
show relationships more clearly than a table.

Linear In a straight line
equation Says one thing, on the left of
=, is equal to another, on the right.
Strategy. Equations.
Algebra is a way to solve problems
without knowing the numbers involved.
A lazy man’s arithmetic!
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An equation doesn’t change when we multiply both sides by the
same thing. So multiplying the first equation by 2, so that the Ostrich
terms in the two equations are the same, we get
2 × O + 2 × Z = 36.
Note that to multiply the equation, we had to multiply each term in
it.
Now we subtract this from the second equation (subtracting the
left sides, and then the right, and the two must be equal). We then
get 2 × Z = 10, or Z = 5. We can use this value of Z in any equation,
such as the first, and find that O = 13.
Can you think of more ways to solve this problem?!

A Numerical Problem
Problem 4. This problem appeared in the test. Find three consecutive
numbers so that their sum is 15 more than the greatest.
Solution. Here is an interesting way to solve it. The sum of three
consecutive numbers is always three times the middle one. Why? If
this sum is fifteen more than the biggest, it is sixteen more than the
middle one. So, we want three times the middle one to be sixteen
more than the middle one. That means two times the middle one
must be sixteen and the middle one must be eight! Visualize this to
see how obvious it is.

0

8

16

24

Homework
Homework will consist of both problems and exercises. The first
part of the homework is always to read this handout so that you
understand everything that was covered in the class. I will not make
this an explicit assignment.
Assignment 1. A carpenter makes three legged stools and four legged
chairs. He makes 30 in total. I counted 103 legs. How many chairs and
stools did he make? Is this a problem or an exercise for you?
Assignment 2. I have 30 coins, just quarters and dimes. If I have a total of
$4.35, how many quarters and how many nickels do I have?

Problem Something you do not know
how to solve.
Exercise One that you know how to
solve, but need to solve it for practice!
Principle. Make every problem an
exercise!
As you a wide variety of problems,
they become mere exercises to you!
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Assignment 3. Think about the problem I ended the class with! Do you
remember it? What strategy will you use?
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10 September 2009
Material covered in today’s session: Working backwards, Equations,
Review of test problems and homework assignments.
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Warm up with Quickies. The first one actually just came up while
some of the kids and I were talking before class.
Quickie 1. How many schools are there in the United States? How can
you estimate this?
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Principle. Apply math in every day life!

Quickie 2. What is the worst day to be told you have just won a million
dollars?
Quickie 3. The two of us have the same amount of money. How much
money should I give you so that you have ten dollars more than me?

Look around you - there are many
places you can use math. Any time
numbers or reasoning is involved, think
about how you can use the ideas you
learn in this class.

Problems
The first two homework assignments reinforced the strategies taught
in the Ostriches and Zebras problem, while the last (the one to remember) introduced a new strategy. I introduce simple equations,
but only as an alternative way to solve the problem. Initially, this will
be a little unfamiliar, but with repeated exposure, the students will
get an intuitive understanding of algebra.

Quarters and Dimes
Problem 1. I have 30 coins, just quarters and dimes. If I have a total of
$4.35, how many quarters and how many nickels do I have?
Solution. The question should actually have asked for dimes, not
nickels (how many nickels do I have?).
Start at extremes. Suppose all 30 coins are dimes. This is just
$3.00. We need $1.35 more. Each time we substitute a dime with a
quarter, we get 15¢more. We need $1.35, which is 9 × 15¢. So we
substitute nine dimes with quarters, giving the answer of 9 quarters
and 21 dimes.
Start with all quarters. Start with 30 quarters and substitute
quarters with dimes.

Strategy. Think of a similar problem.
Think of similar problems you have
solved previously. These can give you
useful ideas on how to solve it.

What are the different strategies these
solutions are using?
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Start at any convenient guess. Observe that 35¢is one dime
and one quarter. So we need to get $4.00 with 28 dimes and quarters. Observe also that two quarters are the same as five dimes and
substitute these until you get the answer.
Use equations!. If Q is the number of quarters and D the number
of dimes, we are told
Q + D = 30
since there are a total of thirty coins, and
25Q + 10D = 435
since they add up to 435¢(convert to cents to make it easier). Multiply the first equation by 10 to get a common term between the two
equations:
10Q + 10D = 300

It takes a little practice to figure out
what to do to equations to eliminate the
unknowns.

Now, subtract this from the 2nd equation to get 15Q = 135, or, Q = 9.
Substituting this value in the first equation gives us D = 21.
You can always guess and check! You could just start with
any guess, and adjust the number of coins till you reach the answer.

Principle. Save guess and check for
when you can’t think of other ways!

Three Legged Stools and Four Legged Chairs
Problem 2. A carpenter makes three legged stools and four legged chairs.
He makes 30 in total. I counted 103 legs. How many chairs and stools did
he make? Is this a problem or an exercise for you?
Solution. Seventeen stools and thirteen chairs.

Did you need more than this to solve
this one?

Birds Flying Between Trees
Problem 3. There were three trees, with a total of 48 birds sitting on them.
When a train passed by, the birds grew alarmed, and eight flew from the first
tree to the second. Then an aeroplane passed by and six bird flew from the
second to the third. Now each tree had the same number of birds. How many
birds were on each tree at first?
Solution. One way: After the 2nd time, there were equal numbers
on every tree, which is 16, since 48/3 = 16. Since 6 had flown from
2nd to the 3rd, before this there must have been 22 (16+6) on the 2nd
and 10 on the 3rd (16 − 6). But this was after 8 had flown from the
first to the 2nd. So there must have been 24 (16 + 8) on the 1st, and 14
(22 − 8) on the 2nd. So initially, there were 24, 14, and 10 birds on the
three trees.

Strategy. Work backward!
Start from the end, and work backward. Like you do while playing chess!

alamo moems session 3

Look at each tree! The total number of birds in the three trees
doesnÕt change. So when we look at the net gain or loss of birds in
each tree, and add them up, we should get zero. The first tree lost 8.
The 2nd gained 8 and then lost 6, for a net gain of 2 birds. The third
tree gained 6. After this they had 16 birds each. So initially they must
have had 16 + 8, 16 − 2, and 16 − 6 initially.
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Strategy. Use Invariants.
The number of birds in all three trees
is an invariant.

And, as always, equations! If the number of birds on the first,
second, and third trees were F, S, and T respectively, we have the
following equations (try writing them out by yourself)
F + S + T = 48
F − 8 = 16
S + 8 − 6 = 16
T + 6 = 16.
These are very easy to solve (do it!) and will give the same answers.
Some of you might have wondered later if it was eight birds that
flew first and then six, or was it first six and then eight. (I deliberately stated it differently each time!). Did you try solving it for the
other case? What did you get?

Principle. Try out different variations of
the problem yourself!
Making up your own problems is one
of the best ways to deeply understand
the problem. For instance, could there
have been 33 birds that flew the first
time?

Homework
What is much more important than whether you managed to solve
the problem is simply whether you thought hard about it! We are
learning to think! Always review the solutions to the homework even if you solved a problem, you might learn new ways of solving it.
Assignment 1. I went to Barnes and Noble and spent half of my money
and then $20 more. Then I went to Borders and spent half of my remaining
money, and $20 more. Then I found I had no money left. How much money
did I have when I started out?

Assignment 0 is always to review these
notes!

Assignment 2. In my class, 14 students like Star Wars Tactics, 16 like
Pokemon, 5 like both, and 4 do not like either of them. How many students
are in my class?
Assignment 3. Three darts are thrown at a dart board. The bulls eye scores
9 points, the next outer ring 4 points, and the last ring 3 points. How many
points can you get, and in how many ways?
Assignment 4. Three kids decide to play a trick on their parents! They
decide they will exchange lunch boxes so that each person goes home with
the wrong lunch box. How many ways can they do this? What if there were
four kids?

Don’ t forget the last assignment! (The
one you need to remember in your
head).
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18 September 2009
Material covered in today’s session: Working backwards, Equations,
Review of test problems and homework assignments.
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Warm up with Quickies. These are about law!
Quickie 1. Your neighbor’s rooster wanders into your yard and lays an
egg. Should the egg belong to your neighbor or to you?
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Hmmm. Are these really about law?

Quickie 2. A plane crashes exactly on the border between the U.S. and
Canada. Where should the survivors be buried?

Problems
In this section, I go over the problems that I discussed in today’s
class. Usually these are from the previous homework. If you did not
understand the discussion in class, read this carefully and ask me
questions if you still don’t get it! If you understood it, read it any
way - it will reinforce your understanding.

Weighing Apples on a Balance
Problem 1. Amy sells apples at the farmerÕs market. She has a balance
(you put weights on either side and the apples on the other - when the scales
balance, we know how much the apples weigh). She has one 1 lb weight,
two 3 lb weights, and 1 5 lb weight. What is the maximum weight of apples she can sell at a time? Can she weigh every weight possible up to this
maximum? How?
Solution. She has a total of 12 lb, so she can weigh up to 12 pounds.
The key insight is that she can put weights on the same side as the
apples too! Here is how she can weigh the different weights up to 12
pounds.

insight: A deep idea that helps you
solve the problem.

Addition and Subtraction
Problem 2. Choose any number between 32 and 56. Add 20. Subtract 17.
Add 13. Subtract your original number. What is the result?
Solution. Hint: You start with a number, and subtract it away at the
end!.

Did you need more than this to solve
this one?
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weight
1 lb
2 lb
3 lb
4 lb
5 lb
6 lb
7 lb
8 lb
9 lb
10 lb
11 lb
12 lb

left
1
3
3
13
5
33
53
53
531
533
533
5331

right
apples
1 apples
apples
apples
apples
apples
1 apples
apples
apples
1 apples
apples
apples
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Table 1: Weighing apples on a balance
with 1 lb, two 3 lb, and one 5 lb weights

Derangement with Three Objects
Problem 3. Three kids decide to play a trick on their parents! They decide
they will exchange lunch boxes so that each person goes home with the
wrong lunch box. How many ways can they do this? What if there were
four kids?
Solution. One way: Call the kids A, B, and C. Call their lunch boxes
a, b and c. If you did not worry about who gets which lunch box,
you can check that there are six ways the kids can take the lunch
boxes. Of these, only in two of the cases do the kids all end up with
A
a
a
a
b
b
c
c

B
b
b
c
a
c
a
b

C
c
c
b
c
a
b
a

A derangement - where everything is a
complete mess! Everyone got someone
else’s.

Strategy. Make a list!
List all the possibilities, throw out the
ones you don’t want.
Principle. Invent useful notation!
Notation
is a way to of
write
about
Table
2: Permutations
three
objects
things with symbols. It helps you in
solving problems.

someone else’s lunch box.
Reason logically!. Even without making a full list, you can reason this way. The first kid’s lunch box should go to either the second
or the third. Suppose the second kid gets it. The second kid’s lunch
box can only go to the third kid; otherwise, if it goes to the first kid,
the third kid will have no one to give his lunch box to. So once the
second kid gets the first kid’s lunch box, there is only one way the
other two lunch boxes can go. Similarly, if the third kid gets the first
lunch box, there is only one way. So there are exactly two ways this

Do you see why we need notation? It is
much harder to reason just with words!
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can happen.

Going Broke
Problem 4. I went to Barnes and Noble and spent half of my money and
then $20 more. Then I went to Borders and spent half of my remaining
money, and $20 more. Then I found I had no money left. How much money
did I have when I started out?
Solution. . The easiest way is to work backward. Since I handed over
$20 just before you went broke, I must have had $20 just before. Since
I spent half my money and then $20, I must have had $40 before.
Since I handed over $20 and had $40, I must have had $60 before. But
I spent half my money and had $60, so I must have had $120 to start
with!

Strategy. Work Backward!

Homework
What is much more important than whether you managed to solve
the problem is simply whether you thought hard about it! We are
learning to think! Always review the solutions to the homework even if you solved a problem, you might learn new ways of solving it.

Assignment 0 is always to review these
notes!

Assignment 1. Any two lines either are parallel, or intersect at a point.
That is, they cross each other at a point. What is the maximum number
of points at which five lines can intersect? How do you know this is the
maximum?
Assignment 2. You have four rods that measure 2 cm, 5 cm, 7 cm and 9
cm. How can you measure a length of 1 cm.?
Assignment 3. You buy a rare stamp for $15. You sell it for $20 but you
miss it so much that you buy it back for $22 (the dealer raised the price!).
You need money, so you sell it again for $30 (you learned from the dealer!).
How much did you gain or lose?
Assignment 4. You have a pan that can only fit two pancakes at a time. It
takes one minute to cook each side of one pancake. How quickly can you cook
both sides of three pancakes?

Don’ t forget the last assignment! (The
one you need to remember in your
head).
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25 September 2009
Best process, Triangular numbers, Powers of 2, Intersection of Lines,
Homework assignment.
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Warm up with Quickies. Today’s quickies were
Quickie 1. What makes more noise dead than alive?
Quickie 2. There were five crows sitting on Farmer Fred’s fence. He shot
and killed one of them. How many were left?
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Languages are strange!
Crows are smart! Answers in real life
often differ from mathematics!

Problems
I will discuss a few problems in depth in class. I will write them
up here, but as the children get more familiar with the material, I
expect to only outline the discussion, and in a few cases, only state
the problem. Your child should review this section after each class,
and periodically, to refresh one’s memory of different strategies.

Fair Division
Problem 1. Your sibling and you constantly fight. Mom brought home a
chocolate cake. She knows however carefully she cuts it and gives the halves
to you, the two of you will fight over who got the bigger piece. Yet, she found
a perfect solution this time. What was it?
Solution. She had one of you cut the cake (does it matter who?) into
two, and the other got to choose the piece! Think about what makes
this a fair solution.
How will you generalize this problem? What would you do if
there were three siblings? Four? Surprisingly, these problems are
actually very hard to solve!

Intersection of Lines
Problem 2. What is the maximum number of points at which five lines can
intersect?
Solution. Everyone was able to draw five lines so that there were ten
points of intersection. But how do you prove that this is the best you
can do?

Principle. Always consider a more general
problem.
That is how you do important mathematics! And, sometimes, the more
general problem is actually easier!
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There are ten pairs of lines. Check that every pair of lines
intersects at a different point. Since there are ten pairs of lines and
each pair can intersect at only one point at most, we know we have
the maximum.
Every new line intersects all the old ones. Every time we
draw a line, try to make it intersect with every line that is already
there. So the second one intersects the first, the third one the first and
second, and so on. So the maximum number of intersections are
1 + 2 + 3 + 4 = 10.
How do you generalize this problem? Do you see that the answer is
15 for six lines?

Profit and Loss
Problem 3. You buy a rare stamp for $15. You sell it for $20 but you miss
it so much that you buy it back for $22 (the dealer raised the price!). You
need money, so you sell it again for $30 (you learned from the dealer!). How
much did you gain or lose?
Solution. Start at any convenient point, say, a hundred dollars. Assume you have a hundred dollars, and act it out. After each of these
steps, you will have $85, $105, $83, and finally $113 for a total gain of
$13.
Think of each transaction. When you buy for $15 and sell for
$20, you gain $5. When you buy for $22 and sell for $30, you gain $8.
So you gain a total of 5 + 8 = 13 dollars.

Strategy. Start anywhere!
In many problems, you can start your
solution anywhere.

This should remind you of the birds
in the trees problem. In addition to
working backward, we looked at what
happened on each tree.

Making Pancakes
Problem 4. You have a pan that can only fit two pancakes at a time. It
takes one minute to cook each side of one pancake. How quickly can you cook
both sides of three pancakes?
Solution. The obvious way to do it would be to cook first one side
and then the other of a set of two pancakes. This would take two
minutes. The third pancake would then take two more minutes, for a
total of four minutes. But notice that the pan is only half used when
we cook the third pancake. This should give us an idea!
Cook one side of two pancakes. Then remove one of the pancakes,
and cook one side of the 3rd together with the second side of the
first. Finally cook the second side of the 2nd, with the 2nd side of the
3rd. This takes only three minutes in total!
The table should make it clearer.

Principle. Mistrust the Obvious!
The obvious solution is often wrong
(after all, why would it be a problem
then?).
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Pancake 1
Pancake 2
Pancake 3

Minute 1
side 1
side 1

Minute 2
side 2
side 1

Minute 3

3

Table 1: Cooking Pancakes.

side 2
side 2

Measuring Lengths
Problem 5. You have four rods that measure 2 cm, 5 cm, 7 cm and 9 cm.
How can you measure a length of 1 cm?
Solution. Put the 5 cm and 7 cm rules one after another, to measure
up to 12 cm. Put the 2 cm and 9 cm rules one after another, measuring to 11 cm, but right next to the other two. The difference between
these two long rulers is 1 cm.

Homework
Assignment 1. The average of ten numbers is 20. The average of six of
them is 18. What is the average of the other four?
Assignment 2. You have some red and some green balls in a box. You pick
out balls from the box without looking. To be sure you get a red ball, you
have to pick out seven balls. To be sure you get two different colored balls,
you need to pick out thirteen. How many red and green balls are there in the
box?

average: The average of a few numbers is their sum divided by how many
there are. When you just need the sum,
it is as if each number was replaced by
the average!

Assignment 3. You want to pour six liters of water from the river into a
barrel. You only have a four liter pitcher and a nine liter pitcher. How do
you do it?
Assignment 4. Find digits A, B, C, and D so that AAA + BB = CD6E!

Don’ t forget the last assignment! (The
one you need to remember in your
head).
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Gauss’s Trick, Triangular numbers, Proof Without Words, Worst Case
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Warm up with Quickies. Today’s quickies were
Quickie 1. How many eggs can you eat on an empty stomach?
Quickie 2. You are driving really fast - on the wrong side of the road!
Unfortunately for you, some one else is also driving really fast towards you!
Yet you don’t get into an accident. How come?

Problems
I will discuss a few problems in depth in class. I will write them
up here, but as the children get more familiar with the material, I
expect to only outline the discussion, and in a few cases, only state
the problem. Your child should review this section after each class,
and periodically, to refresh one’s memory of different strategies.

Sum of the first n natural numbers.
Problem 1. When the great mathematician, Carl Friedrich Gauss, was in
elementary school, his teacher, who wanted to keep the kids quiet, gave them
the following problem:
1 + 2 + 3 + .... + 100 =?
Gauss wrote down the answer almost immediately and said ’There it is!’.
How could he have done this?
Solution. As usual, there are many way to solve this problem. Notice
that
1 + 100

= 101

2 + 99

= 101

....
50 + 51

= ...
= 101

That is, we have grouped the hundred numbers into fifty pairs, each
of which adds up to 101, giving us the answer 101 × 50 = 5050.
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Languages are strange!
The British get away with this!
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Grouping other ways into easily added pairs is possible. Saejoon,
in our class, showed us another grouping,
1 + 99

= 100

2 + 98

= 100

...
49 + 51

= ...
= 100

with 50 and 100 left out of these 49 hundreds. So, once again, we get
4900 + 150 = 5050.
Solving a simpler problem can help when clever solutions don’t
occur to us. We can add the first ten numbers easily.
1 + 2 + 3 + .... + 10 = 55.
How can we add the next ten numbers?
11 + 12 + .... + 20 =?
Notice that each term is ten more than the corresponding term in the
previous equation. And there are ten terms. So we know right away
that this sum is
10 × 10 + 55 = 155.
Doing this until the last ten numbers, we will get
91 + 92 + ... + 100 = 955.
So, now we know that the answer is
55 + 155 + 255 + ... + 955.
Once again, we can add this easily! This is nothing but ten 55s, and
100 + 200 + ...900. We have done 1 + 2 + ... + 9 = 45, so we know this
is 550 + 4500 = 5050, like before.
Programming a computer to do such problems is very easy. Lile,
in class, timed me while I wrote a program to calculate this. It took
me about two minutes to write a program, slower than I could do
this problem in my head. But once the program is written, it could
be run again and again for different sums, and the computer answers
instantaneously!
How will you generalize this problem? How would you add the
first ten numbers? Twenty? Forty nine?

Principle. Always consider a more general
problem.
That is how you do important mathematics! And, sometimes, the more
general problem is actually easier!
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Formulae help us remember such results. Rather than add the
numbers all over again every time, mathematicians use symbols to
stand for the numbers, and write the results in ways that they can
use generally. To add the first n numbers, they would write it as
1 + 2 + 3 + ... + n =

n × ( n + 1)
.
2

But how do we know this is true for any number n?
Proofs without words!. To prove that this is true, we will learn
something called induction later on. But for now, we can prove this
without using any words! Look at the diagram. Does it make clear
why this formula is true? Do you see why the numbers 1, 3, 6, 10, ...
are called triangular numbers?

Measuring with Jars
Problem 2. You want to pour six liters of water from the river into a barrel.
You only have a four liter pitcher and a nine liter pitcher. How do you do it?
Solution. There are many ways to do this, some using the barrel,
some that don’t. What is the quickest way to do this? (Count each
thing you do as a separate step). I found the following way, with
eight steps, without using the barrel. Let me know if you found a
quicker way!
1. Fill up the Nine.
2. Pour into Four.
3. Pour out the Four back into the river.
4. Pour the five liters in the Nine into the Four.
5. Pour out the Four back into the river.
6. Pour out the one liter left in the Nine into the Four.
7. Fill up the Nine.
8. Pour from the Nine into the Four until it is full. Six will be left in
the Nine.
You can see the steps in the table.

Figure 1: 1 + 2 + 3 + 4 + 5 + 6 =

6×7
2 .

Table 1: Water in the two containers
after each step.
Step Four
Nine
1
0
9
2
4
5
3
0
5
4
4
1
5
0
1
6
1
0
7
1
9
8
4
6

3
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Picking balls blindfolded
Problem 3. You have some red and some green balls in a box. You pick out
balls from the box without looking. To be sure you get a red ball, you have to
pick out seven balls. To be sure you get two different colored balls, you need
to pick out thirteen. How many red and green balls are there in the box?
Solution. This is an example of a problem you can solve by thinking
of the worst case! When you pick out seven balls, you are sure of
getting a red ball. So, even if you pick a green ball the first six times,
you will always get a red ball the seventh time. So, the worst that
can happen to you is that you pick six green balls. So, the number of
green balls is six. To be sure you get two different colors, you need
to pick out thirteen. That means there must be twelve balls of one
color (the worst that can happen). Since there are only six green ones,
there are twelve red ones (there are no balls of any other color in the
box).

Strategy. Think of the worst case!
In many problems, the worst case
helps you solve it!

Homework
Assignment 1. Two liars decide to cut down on their lying. Liar One will
lie only on Monday, Tuesday and Wednesday, but will tell the truth on all
other days. Liar Two will lie only on Thursday, Friday, and Saturday, but
will tell the truth on all other days. One day, Liar One said, "Yesterday, I
had one of my lying days". Liar Two said, "Me, too!". What day was it?
Assignment 2. The day before yesterday, Sue was ten years old, and next
year she will turn thirteen. When is her birthday?
Assignment 3. Grandma baked some cookies for her grandchildren. She
looked at her tray and found that to give five cookies to each grandchild, she
would need to bake three more cookies, but if she gave them only four cookies
each, she would have three cookies left over. How many grandchildren did
she have?
Assignment 4. There are four different kinds of colored balls, a total of 40
of them. You pick them blind-folded. To be sure you have one of each color,
you need to pick out at least 32 of them. At least how many balls are there of
each color? At most how many balls are there of each color?

The assignment to remember was this.
Are the grandfathers of your greatgrandfathers the same as the greatgrandfathers of your grandfathers?
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Grandparents and Great Grandparents, Liars, Worst case balls, Sue’s
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Warm up with Quickies. Today’s quickies were
Quickie 1. Two camels are facing in opposite directions. Can they look at
each other without turning their heads?
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Quickie 2. Sawing a log into three pieces takes six minutes. How long will
it take to saw the log into four pieces?

Problems
I will discuss a few problems in depth in class. I will write them
up here, but as the children get more familiar with the material, I
expect to only outline the discussion, and in a few cases, only state
the problem. Review this section after each class, and periodically, to
refresh your memory of different strategies.

Grandfathers and their Great-Grandfathers.
Problem 1. Are the grandfathers of your great-grandfathers the same people
as the great-grandfathers of your grandfathers?
Solution. This is tricky and difficult to solve with just words. To
check if two groups of things are identical, you should first check if
they have the same number of things in each - you will save time if
it turns out right away that the two groups have different number of
things. Here, this doesn’t help: both groups have eight men in each
of them. But the diagram below shows that while four of the men are
in both groups, the others in each group do not belong to the other
group.

Grandma and Cookies
Problem 2. Grandma baked some cookies for her grandchildren. She looked
at her tray and found that to give five cookies to each grandchild, she would
need to bake three more cookies, but if she gave them only four cookies each,
she would have three cookies left over. How many grandchildren did she
have?

Strategy. Draw a diagram!

0
x
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ggf
gf

mom
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Solution. A simple way to solve this is to act it out. Imagine grandma
giving each of her grandchildren the cookies one by one. First, she
gives them all one cookie each. Then, she starts over and gives them
another cookie, and so on. When she has given them each four cookies, she still has three cookies. Let her start over again, and give these
three cookies, to three grandchildren. But now she runs out of cookies and still has three grandchildren who need to get a cookie each.
So, she has six grandchildren!
Equations provide another way! Suppose G is the number of
grandchildren she has, and C the number of cookies she bakes, the
two pieces of information in the problem are
4×G+3 = C

(1)

5×G = C+3

(2)

Figure 1: Angry dads and calm moms!
The two groups A and B show grand
fathers of great grandfathers and great
grandfathers of grandfathers. Can you
tell which group is which?

Strategy. Act it out!
In many problems, simply visualizing
the steps can give you a solution.

Subtracting the first equation from the second gives us G − 3 = 3, or
G = 6 like before.

Picking balls blindfolded
Problem 3. There are four different kinds of colored balls, a total of 40 of
them. You pick them blind-folded. To be sure you have one of each color, you
need to pick out at least 32 of them. At least how many balls are there of
each color? At most how many balls are there of each color?
Solution. This is an example of a problem you can solve by thinking
of the worst case! There are balls of four colors. You are trying to
pick one of each color. The worst that can happen is that you keep
picking only balls of three colors, and don’t get the fourth color until
the last ball you pick. The problem says that in the worst case, that is,

Strategy. Think of the worst case!
In many problems, the worst case
helps you solve it!
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when you keep picking the colors that are most in number, this takes
thirty two picks. So, there are thirty one balls of the three colors,
while the fourth color, with the least number of balls, must have
40 − 31 = 9 balls. So, each color has at least nine balls.
What is the maximum number of balls there can be of any color?
Again, think of the worst case, that three of the colors have the minimum possible number (that is, nine), while all the other balls are
of one color. So the maximum number of balls of a color can be
40 − 3 × 9 = 13.

Liars
Problem 4. Two liars decide to cut down on their lying. Liar One will lie
only on Monday, Tuesday and Wednesday, but will tell the truth on all other
days. Liar Two will lie only on Thursday, Friday, and Saturday, but will tell
the truth on all other days. One day, Liar One said, "Yesterday, I had one of
my lying days". Liar Two said, "Me, too!". What day was it?
Solution. There are many ways to solve logic puzzles like this one.
Trial and error is an easy first choice. Try to check if this would work
on Monday, Tuesday, and so on.
A better approach is to check at the boundaries. Here, nothing
changes on Tuesday and Wednesday, Friday and Saturday. So one can
just check whether it could be Sunday or Thursday. On Sunday, both
of them tell the truth, so they are saying that both of them were lying
on Saturday, which we know cannot be. Checking Thursday, we see
this is possible.
For logical questions, use logic!. Can both of them be lying?
No, since there is no day that both of them lie. Can both of them be
telling the truth? No, since then the previous day both of them would
have to be lying, and we know there was no such day. So, one of
them was lying and the other was telling the truth. But since both of
them are saying the same thing, whoever is lying today was telling
the truth the previous day, while whoever is telling the truth today
was lying yesterday. This happens only on Thursday.

Sue’s Birthday
Problem 5. The day before yesterday, Sue was ten years old, and next year
she will turn thirteen. When is her birthday?
Solution. Sue must be 11 years now. The only way she can turn 13
next year is if she turns 12 sometime this year. But how can she be
10 the day before yesterday and turn 12 this year? Only if she turned

Strategy. Check the boundary conditions.
In an earlier strategy, we saw that we
can try the extremes as solutions (all
ostriches and zebras). Another is to
look at where things change, i.e. the
boundaries.

Strategy. Use logical thinking!

3
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11 yesterday, and yesterday was last year. So her birthday must be
December 31st and it must be Jan 1st today!

Homework
Assignment 1. Mrs. Baker was baking cakes. She decorated a quarter of
them with chocolate. A third of the remaining, she decorated with walnuts.
Half of the remaining, she decorated with fruit. On the remaining 15 cakes,
she used whipped cream. How many cakes did Mrs. Baker bake?
Assignment 2. I have five consecutive numbers (that is, numbers that are
one after another). Of these, I add the ones that are even and then the ones
that are odd. The difference between these two sums is 36. What are the five
numbers?
Assignment 3. A divisor of a number is simply one that divides the
number evenly. For example, 2 is a divisor of 8, but 3 is not. Find all the
divisors of 60.
Don’t forget the problem to remember

Assignment 4. Fourteen monkeys are playing in a meadow. Four of them
have three siblings playing with them, six have two siblings playing, two
have one, and two have none. The monkeys were brought by their moms,
who are relaxing at the edge of the meadow. How many moms were there?
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Odd and Even, Monkeys in a Meadow, Divisors and Prime numbers,
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Warm up with Quickies. Today’s quickies were
Quickie 1. What belongs to you but is used more by others than by you?
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Quickie 2. How do you play Chess against two grandmasters and at least
draw against both (or even better, win at least one)?

Problems
I will discuss a few problems in depth in class. I will write them
up here, but as the children get more familiar with the material, I
expect to only outline the discussion, and in a few cases, only state
the problem. Review this section after each class, and periodically, to
refresh your memory of different strategies.

Odd and Even.
Problem 1. How can you divide 100 rabbits among five children so that
each child gets an odd number of rabbits?
Solution. At first, it seems like there must be many ways to do this.
When you try them however, nothing seems to work. So let us try to
prove the opposite.
Suppose you can find five such odd numbers, that add up to a
hundred. As Sae Joon pointed out in class, when you add five odd
numbers, the result is an odd number (why?). So we cannot get a
hundred by adding five odd numbers.

Monkeys in a Meadow
Problem 2. Fourteen monkeys are playing in a meadow. Four of them have
three siblings playing with them, six have two siblings playing, two have
one, and two have none. The monkeys were brought by their moms, who are
relaxing at the edge of the meadow. How many moms were there?
Solution. When we have four siblings, notice that each of them has
three siblings playing! So, we have one mom for these four. When we
have three siblings playing, each of them has two siblings playing on
the play ground. Since there are six such, there must be two moms

Strategy. Prove the opposite!
When you try it many ways and it
doesn’t work, see if you can prove that
it cannot work.
Strategy. Proof by Contradiction
Assume the opposite of what you
want to prove. Show a contradiction.
Strategy. Parity.
You can use evenness and oddness to
prove some properties about numbers.

Strategy. Make a systematic list!
Here, think about each possibility one
after another.
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for these. Two have only one sibling playing - but notice that when
we have two siblings, each of them will have just one sibling playing.
So one mom for this pair. Two have no siblings on the meadow. So
there were two moms for these. So, a total of six moms were there in
the playground.

Divisors and Prime Numbers
Problem 3. A divisor of a number is simply one that divides the number
evenly. For example, 2 is a divisor of 8, but 3 is not. Find all the divisors of
60.
Solution. You can start by writing 60 as a product of two numbers
systematically (that is, by trying numbers from smallest to largest).
We can see

This is a trial and error strategy.

60 = 2 × 30

= 3 × 20
= 4 × 15
= 5 × 12
= 6 × 10.

How do we know where to stop? Since we are writing it as the product of two factors, as soon as the square of the first factor is greater
than 60, we can stop. 7 doesn’t divide 60, and 8 × 8 is greater than 60,
so we can stop. For instance, the next number to divide 60 is 10, but
we already have 6 × 10. So the divisors of 60 are 2, 3, 4, 5, 6, 10, 12, 15, 20, 30.
Sixty has a lot of divisors! That is probably why the Babylonians
started using it as the basis of their counting. We still use this, in
counting time - we divide the hour into 60 minutes, and it is easy to
count a sixth, a fifth, a twelfth of an hour, and so on.
The fundamental theorem of arithmetic, first proved by
Gauss, provides a better way. The theorem says that Every number can
be written as the product of powers of prime numbers in one and only way.
This is so useful in all problems involving numbers that it is called
fundamental, that is, something that is very important to the whole
subject. Here, we can write
60 = 2 × 2 × 3 × 5.
Every prime here, as well as every combination of primes here must
divide 60. So, we can list these systematically easily: 2, 3, 5, 2 × 2 = 4,
2 × 3 = 6, 2 × 5 = 10, 3 × 5 = 15, 2 × 2 × 3 = 12, 2 × 2 × 5 = 20,
2 × 3 × 5 = 30, giving the same divisors as before (check!).

You can stop after the square root of the
number, that is the number which when
multiplied by itself gives the original
number. The square root of 60 is about
7.7.

Prime Number. A number that is
divisible only by itself and one. By
convention, we don’t include one.
So, the first few prime numbers are
2, 3, 5, 7, 11, 13, .... It is actually useful
to know all the prime numbers up to,
say, a hundred. You can solve many
problems knowing these.
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Another Parity problem
Problem 4. I have five consecutive numbers (that is, numbers that are
one after another). Of these, I add the ones that are even and then the ones
that are odd. The difference between these two sums is 36. What are the five
numbers?
Solution. Look at the smallest of these numbers. It must either be
odd or even. If it was odd, we will be adding three odd numbers to
get an odd number, and two even numbers to get an even number
and then take the difference of these two results. But the difference
of an odd number and an even number will be an odd number, and
so cannot be 36. This means the first of these five numbers must be
even!
Now, we would have three even numbers, and two odd numbers.
When we add the three even numbers, we will get an even number,
and when we add the two odd numbers, we will again get an even
number, in this case, 36. But when we take five consecutive numbers
and do this, we will just get two plus the first number (the fifth number minus the fourth is 1, the third minus the second is also 1, and
we have only the first number left to add). So the first number must
be 34.

Again, a proof by contradiction.

Another way is to notice, as J.D. Schurr and Jenna Bloom did in
class, that the first and last even numbers are one less and one more
than the second and fourth odd numbers. So the sum of these two
even numbers is the same as the sum of the two odd numbers. So,
the sum of the three even numbers minus the sum of the two odd
numbers is simply the third even number, the one in the middle. So
the one in the middle is 36.
The five numbers are 34, 35, 36, 37, 38.

Fractions
Problem 5. Mrs. Baker was baking cakes. She decorated a quarter of them
with chocolate. A third of the remaining, she decorated with walnuts. Half of
the remaining, she decorated with fruit. On the remaining 15 cakes, she used
whipped cream. How many cakes did Mrs. Baker bake?
The strategy is working backward.

Solution. She decorated half of the remaining with fruit, and the
other fifteen with whipped cream. So she decorated fifteen with fruit.
These thirty were two thirds, while one thirds was decorated with
walnuts. So these must have added up to forty five. This forty five
was three fourths of what she started with, so she must have started
with sixty!

3
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Guess a suitable number for problems with fractions.
Here, we take a half, a fourth, a third. So, a number that is easily
divisible by 2, 3, and 4 would be suitable. That is, we want a multiple
of 2 times3 × 4 = 12. Twenty four and thirty six are too small (since
we have fifteen left at the end). 48 doesn’t work, but trying 60, it
works! (And, you shouldn’t be surprised, after reading about the
divisors of sixty in the problem above!).

Homework
Assignment 1. The school band has more than thirty kids but less than a
hundred. They have to march in rows of 5 because if they marched in rows of
2, 3, or 4, they always have one student left to march all alone. How many
students are in the band?
Assignment 2. The other school is stranger. They have more than fifty
kids and less than a hundred. But, they have to march in rows of 5 because
if they march in rows of 2, 3, or 4, they have one person missing in the last
row! How many students are in this band?
Assignment 3. Find all the divisors of 210.
Don’t forget the problem to remember!

Assignment 4. I have six boxes (numbered one through six) with locks on
them. Unfortunately, I mixed up all the keys. In the worst case, how many
times would I have to insert a key into a lock to open all of the boxes? What
if I didn’t want to actually open the box, but simply wanted to label each key
with a tag to tell me which box it opens.
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Remainders, Venn Diagrams, Homework assignment.
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Warm up with Quickies. Today’s quickies were
Quickie 1. A notebook and a pencil together cost $10. The notebook costs
nine dollars more than the pencil. How much did each cost?
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Quickie 2. A snail takes an hour and twenty minutes to crawl clockwise
around a birdbath. Yet, when it crawls anticlockwise, it takes eighty minutes
to crawl once around. How is that?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Divisors and Prime Numbers
Problem 1. Find all the divisors of 210.
Solution. Start with the prime decomposition
210

= 2 × 105

Remember that many problems about
numbers can be solved by thinking
about their prime decomposition.

= 2 × 3 × 35
= 2×3×5×7
Every prime number in the decomposition, as well as every combination of primes in it must divide 210. So, we can list these systematically easily: 2, 3, 5, 7, 2 × 3 = 6, 2 × 5 = 10, 2 × 7 = 14, 3 × 5 = 15,
3 × 7 = 21, 5 × 7 = 35, 2 × 3 × 5 = 30, 2 × 3 × 7 = 42, 3 × 5 × 7 = 105
giving all the divisors (other than the trivial ones, 1 and 210).

Another Parity problem
Problem 2. Is the sum of the first one hundred prime numbers even or odd?
Solution. The only even prime number is 2. The other 99 prime numbers are odd. So, we are adding an odd number of odd numbers,
which will be odd, and an even number. The sum should therefore
be odd!
Adding an even number doesn’t change the parity! That is,
the oddness or evenness of a number doesn’t change when you add

Mathematicians like to call trivial
anything that is obvious, and not worth
mentioning explicitly!
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an even number to it. So, adding 2 doesn’t change the parity of the
rest of the sum. Similarly, you can pair up the odd numbers and not
bother considering them. This will leave the final odd number, and
its oddness stays when you add all the other even numbers.

Venn Diagrams
Problem 3. In my class, 14 students like Star Wars Tactics, 16 like Pokemon, 5 like both, and 4 do not like either of them. How many students are in
my class?
Solution. The important idea in such problems is to avoid double
counting. When we say five students like both, we mean that of the
fourteen who like Star Wars and the sixteen who like Pokemon, nine
like Star Wars but not Pokemon, and eleven like Pokemon but not
Star Wars. We just need to be careful to count the set of five students
who like both only once. That is, the total number of students is
9 + 11 + 5 + 4 = 29.
Venn Diagrams provide a convenient way to solve such problems.
The two circles represent the kids who like each kind. The intersection of the two circles represents the kids who like both, while the
region outside both circles the kids who like neither.
All
Star Wars

9

Pokemon

5

11

4
Figure 1: A Venn Diagram for two
groups of kids.

Locks and Keys
Problem 4. I have six boxes (numbered one through six) with locks on
them. Unfortunately, I mixed up all the keys. In the worst case, how many
times would I have to insert a key into a lock to open all of the boxes? What
if I didn’t want to actually open the box, but simply wanted to label each key
with a tag to tell me which box it opens.
The strategy is think of the worst case!.

Solution. In the worst case, the first key will have to be inserted into
every one of the six locks until the right one is found. The second
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into every one of the remaining five locks, and so on. So the answer
is
6 + 5 + 4 + 3 + 2 + 1 = 21.
If we don’t actually have to open the locks, only figure out which
key belongs to which lock, we can simply mark the first key with the
box number after the (in the worst case) five attempts. So, we only
need
5 + 4 + 3 + 2 + 1 = 15.

Remainders
Problem 5. The school band has more than thirty kids but less than a
hundred. They have to march in rows of 5 because if they marched in rows of
2, 3, or 4, they always have one student left to march all alone. How many
students are in the band?
Solution. We can simply look at every multiple of five in this range,
and check when this is true. There are fewer multiples of five, than
there are of two, three, or four, so it makes sense to start with five
any way. Doing this, we can check that the answer is 85.
Use properties of numbers in problems involving numbers!
We know that one less than the answer is a number that is divisible
by two, three, and four. That is, it is divisible by 12! so we only need
to check multiples of 12 in this range, that either end in 4 or 9. We
can immediately see that this is 84 and the answer is 85.

Remainders Again
Problem 6. The other school is stranger. They have more than fifty kids and
less than a hundred. But, they have to march in rows of 5 because if they
march in rows of 2, 3, or 4, they have one person missing in the last row!
How many students are in this band?
Solution. Once again, you can look at multiples of 5, to see which
ones are just one less than a multiple of 2, 3, and 4. There is only one,
95.
Even better, use properties of numbers! We want a multiple of
12 that is one more than a multiple of 5, and we can immediately see
that this is 96, and hence the answer 95.

Strategy. Use properties of numbers in
problems involving numbers!
As you do more problems, you will
notice useful properties of numbers.

3
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Darts on Bull’s Eye
Problem 7. Three darts are thrown at a dart board. The bulls eye scores 9
points, the next outer ring 4 points, and the last ring 3 points. How many
points can you get, and in how many ways?
Solution. Make a systematic list, as below.
Rings
9+9+9
9+9+4
9+9+3
9+4+4
9+4+3
9+3+3
4+4+4
4+4+3
4+3+3
3+3+3

Score
27
23
21
17
16
15
12
11
10
9

Ways
1
3
3
3
6
3
1
3
3
1
27

There should be a total of 27 ways since there are three darts, each
of which can hit one of three circles (3 × 3 × 3).

Homework
Assignment 1. Thirty kids signed up to go to Europe. Sixteen will visit
France, sixteen England, and eleven Spain. Five will visit France and Spain,
five only Spain. Eight will visit only England, and only three will visit all
three countries. How many will visit only France?

The strategy here is to make a systematic
list. How you make it systematic is up
to you. Here, I start with the biggest
value and proceed to the smallest, both
within a row, and down the rows. You
could do it differently.
Table 1: Scores from three darts on a
dart board with rings 9, 4, and 3.

Principle. Count many ways!
In counting problems, always check
your answer by counting another way!
Here, we know there should be a total
of 27 ways.

Assignment 2. The fifth grade is going on a school trip. Every student has
to bring in $64 to cover the costs of the trip. Unfortunately, three students
fell sick and could not go. So, the remaining students had to bring in $4
more so that the class could still go on the trip. How many students were in
the class?
Assignment 3. You want to send your friends cards for Christmas. But
you want to make sure that when two of your friends compare their cards,
there is at least something different. The drug store sells 3 different kinds of
cards you can use. There are 2 different colors of envelopes for these cards.
You can write your card in blue ink or black ink. The post office sells 3
different kinds of stamps. How many friends can you send cards to?
Assignment 4. The bears went to the store to buy honey. If each bear
pitched in $8, they had $3 left over, but if each pitched in $7, they were $4
short. How many bears were there and how much did the honey cost?

Don’t forget the problem to remember!
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Acting it out, Venn Diagrams, Multiplying Alternatives, Homework
assignment.
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Warm up with Quickies. Today’s quickies were
Quickie 1. A train leaves from Los Angeles to San Francisco at ten o’clock.
Exactly one hour later, a train leaves from San Francisco to Los Angeles.
Both trains travel at exactly the same speed. When they pass each other,
which train will be closer to San Francisco?
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Quickie 2. You are driving a bus. The bus starts empty. At the first stop, 3
passengers get on. At the second stop, 1 gets off, and 2 get on. At the third
stop, 2 get off, and 1 gets on. How old is the driver of the bus?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

School Trip
Problem 1. The fifth grade is going on a school trip. Every student has to
bring in $64 to cover the costs of the trip. Unfortunately, three students fell
sick and could not go. So, the remaining students had to bring in $4 more
so that the class could still go on the trip. How many students were in the
class?
Solution. In such problems, act it out, that is, visualize what happens.
Here, imagine each of the students coming to their teacher and
giving $64 each, so that they can all go on the trip. But now, three
students fall sick. Imagine the teacher giving these students back
their money. So he is 3 × 64 = 192$ short. Now all the remaining
students give him $4 each, and he gets back the 192 dollars, and they
can all go again! That means, there must be 192/4 = 48 students
remaining, and therefore, a total of 51 students.

Multiply Alternatives
Problem 2. You want to send your friends cards for Christmas. But you
want to make sure that when two of your friends compare their cards, there
is at least something different. The drug store sells 3 different kinds of cards

The strategy here is to act it out.
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you can use. There are 2 different colors of envelopes for these cards. You
can write your card in blue ink or black ink. The post office sells 3 different
kinds of stamps. How many friends can you send cards to?
Solution. One way is to make a systematic list. Suppose we call the
three kinds of cards A, B, and C, the two different colors for these
cards c1 and c2, the ink i1 and i2 and the three kinds of stamps, s1,
s2, and s3. Then, we can write the different combinations of what we
send systematically as in the table on the side.
Options multiply! Whenever we can do one thing in m ways, and
a second in n ways, the total number of ways of doing a combination
of the two is m × n. Here, we have 3 × 2 colors × 2 inks × 3 stamps = 36
combinations!

Bears Buying Honey
Problem 3. The bears went to the store to buy honey. If each bear pitched
in $8, they had $3 left over, but if each pitched in $7, they were $4 short.
How many bears were there and how much did the honey cost?
Solution. First, act it out in your mind. Let us say the bears go into
the store, and each of them hands over seven dollars. Now they are
four dollars short. Now, imagine the bears handing out one dollar
each. After four bears have handed over a dollar, they have paid for
the honey. If the other bears continue handing over a dollar each, we
know that they would have given three extra dollars. That is, there
must be three more bears, for a total of seven bears. So the honey
must have cost 7 × 7 + 4 = 53$, and there were seven bears.
Equations provide a dumb way to do such problems - when you
can do it without equations, you often understand the problem better! Still, equations let you solve complicated problems that are too
difficult to solve just by acting it out. So, it is useful to learn how to
use equations, and it is easier to learn them in such simple problems
that you understand well.
As usual, call the things we want to find out about by letters.
So, let B be the number of bears and H be the cost of the honey.
The information that the problem gives us can be written as two
equations.
8B

=

H+3

(1)

7B + 4

=

H

(2)

We can substitute the second equation in the first to get
8B = 7B + 4 + 3

The strategy here is to make a list.
Table 1: Table listing different combinations of letters
Kind
A
A
A
A
A
A
A
A
A
A
A
A
B
B
B
B
B
B
B
B
B
B
B
B
C
C
C
C
C
C
C
C
C
C
C
C

Color
c1
c1
c1
c1
c1
c1
c2
c2
c2
c2
c2
c2
c1
c1
c1
c1
c1
c1
c2
c2
c2
c2
c2
c2
c1
c1
c1
c1
c1
c1
c2
c2
c2
c2
c2
c2

Ink
i1
i1
i1
i2
i2
i2
i1
i1
i1
i2
i2
i2
i1
i1
i1
i2
i2
i2
i1
i1
i1
i2
i2
i2
i1
i1
i1
i2
i2
i2
i1
i1
i1
i2
i2
i2

Stamp
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3
s1
s2
s3

The strategy here is act it out, that
is, visualize what happens. This is
preferable to blindly using equations.
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or,
8B = 7B + 7
or,
B = 7.
We can use this value of B in the first equation to get
7 × 7 + 4 = H,
or, H = 53, as before.
Sensitivity Analysis provides another way. Niraek Jain-Sharma
came up with an interesting way to solve the problem, using this
approach. If there were 5 bears, then, when they pay $7 each and are
$4 short, the price from this information is $39. But when they pay
$8 each and are $3 over, the price from this information is $37. These
two prices differ by $2. Each extra bear will reduce this difference by
$1, while removing a bear increases this difference (check this)! So,
there must be 7 bears.

Strategy. Sensitivity Analysis.
Guess any answer. See how the
answer changes when you change
values in the problem. Here, see what
happens when you add a bear.

All But Two
Problem 4. I pick marbles out of a bin with red, blue, and green marbles.
All but two were red, all but two were blue, and all but two were green.
What marbles did I pick?
Solution. One red, one blue and one green! One can either guess and
check, and see there cannot be two of any color, or better, use symmetry. The way the problem is stated, it is clear that there must be the
same number of red, blue and green - after all, when you exchange
these words in the problem, nothing changes! We immediately see
then that there can only be one of every color, since having any more
will not satisfy the conditions.

Venn Diagrams with Three Sets
Problem 5. Thirty kids signed up to go to Europe. Sixteen will visit
France, sixteen England, and eleven Spain. Five will visit France and Spain,
five only Spain. Eight will visit only England, and only three will visit all
three countries. How many will visit only France?
Solution. The important idea in such problems is to avoid double
counting. We should subtract from sixteen the number who visit
both France and other countries. But then, when we count kids who
visit France and Spain, and then France and England, we should be
careful not to count the kids who visit all three countries in both sets.

Strategy. Use the symmetries of the
problem!
When a problem has some symmetries, that is, some ways in which the
problem remains the same when you
change things, (here, when you exchange the colors, everything stays the
same), the solution also has the same
symmetries.
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Venn Diagrams provide a convenient way to solve such problems.
The three circles represent the countries the kids sign up to visit. The
intersection of any two circles represents the kids who visit at least
those two countries, the intersection of all three the kids who visit all
three countries, while the region outside all circles the kids who don’t
visit any (here, we know that is zero).
Start with the three kids who visit all three. Now there must be
two who visit France and Spain. Now, five visit only Spain, and
eleven totally visit Spain, so there must be 11 − 5 − 2 − 3 = 1 who
visit Spain and England.
Since 8 visit only England, and a total of 16 visit England, we can
now figure out that 16 − 8 − 1 − 3 = 4 visit both England and France
but not Spain.
Now we can figure out how many visit just France, to be 16 − 2 −
3 − 4 = 7!

France

9

4

8

England

3
2

1
5

Spain
Figure 1: A Venn Diagram for three
groups of kids.

Homework
Assignment 1. A restaurant in Alamo has on its menu four soups, five
salads, eight entres, and three desserts. Each time you eat a meal, you want
to have a soup, a salad, an entre and dessert. How many different meals can
you have there (two meals are the same if and only if every one of these four
choices is the same)?
Assignment 2. If a brick weighs the same as two pounds and half a brick,
how many pounds do two bricks weigh?
Assignment 3. There were 36 almonds and 24 walnuts on the table. Your
guests were able to share them perfectly: that is, each person got the same

4
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number of walnuts, and each person got the same number of almonds. How
many guests could you have had?
Assignment 4. The pages of a book are numbered with 2775 digits. How
many pages does the book have?

Halloween Special
Assignment 5. On Halloween, you can’t tell who is a ghost, and who is
just a human being in a costume. But ghosts always lie, while human beings
always tell the truth.
1. You want to find out if the person is a ghost or a human being. Does it
help to ask "Are you a ghost?"
2. What about "Are you a human being?"
3. You see one standing at a fork. At the end of the left branch of the fork,
is a house where they give out special candy, but at the end of the right
branch is a house where they don’t give out any candy. The person at the
fork knows which is which. How can you get him to tell you which way
to go?
Don’t forget the problem to remember!
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Acting it out, Venn Diagrams, Multiplying Alternatives, Homework
assignment.
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Warm up with Quickies. Today’s quickies were
Quickie 1. Five cats can catch five mice in five minutes. How many cats
can catch a hundred mice in a hundred minutes?
Quickie 2. A boy had as many brothers as sisters. His sister had twice as
many brothers as sisters. How many boys and girls were in the family?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Pages in a Book
Problem 1. The pages of a book are numbered with 2775 digits. How many
pages does the book have?
Solution. List systematically! The first nine pages take 9 digits, and the
next ninety 2 × 90 = 180. The remaining pages must have three digits
each, and there must be 2775 − 189 = 2586 digits, or 2586/3 = 862
pages with three digits. So, a total of 9 + 90 + 862 = 961 pages.

Common divisors
Problem 2. There were 36 almonds and 24 walnuts on the table. Your
guests were able to share them perfectly: that is, each person got the same
number of walnuts, and each person got the same number of almonds. How
many guests could you have had?
Solution. For every guest to get the same number of almonds, the
number of guests must be a divisor of the total number of almonds,
36. Similarly, the number of guests is also a divisor of the number of
walnuts. That is, we need to find out common factors of 24 and 36.
We can do this simply by finding all the divisors of 36, which are
1, 2, 3, 4, 6, 9, 12, 18, 36, and of 24, which are 1, 2, 3, 4, 6, 8, 12, and pick
out the common ones, which are 1, 2, 3, 4, 6, 12.
Prime decomposition provides a way to do this systematically.
36 = 2 × 2 × 3 × 3, and 24 = 2 × 2 × 2 × 3. Comparing these,
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we see that all combinations of 2, 2, 3 will be a divisor of both, in
addition of course to the trivial divisor or 1. That is, the divisors will
be 2, 3, 2 × 2 = 4, 2 × 3 = 6, 2 × 2 × 3 = 12, as before. Note that this is
an easy way to find the greatest common factor.

Brick Weights
Problem 3. If a brick weighs the same as two pounds and half a brick, how
many pounds do two bricks weigh?
Solution. If a brick weighs the same as half a brick and something,
it really means that the something is the weight of half a brick, here,
two pounds. So two bricks must weight four times as much, or eight
pounds.

Restaurant Menu
Problem 4. A restaurant in Alamo has on its menu four soups, five salads,
eight entres, and three desserts. Each time you eat a meal, you want to have
a soup, a salad, an entre and dessert. How many different meals can you
have there (two meals are the same if and only if every one of these four
choices is the same)?
Solution. By now, you should be able to do this easily as 4 × 5 × 8 ×
3 = 480!. Listing them all out would be tedious.

Halloween Problems
Problem 5. On Halloween, you can’t tell who is a ghost, and who is just
a human being in a costume. But ghosts always lie, while human beings
always tell the truth.
1. You want to find out if the person is a ghost or a human being. Does it
help to ask "Are you a ghost?"
2. What about "Are you a human being?"
3. You see one standing at a fork. At the end of one branch of the fork, is
a house where they give out special candy, but at the end of the other
branch is a house where they don’t give out any candy. The person at the
fork, has just tried both, and knows which is which. How can you get him
to tell you which way to go?
Solution. Both ghosts and human beings will answer identically upon
being asked the first two questions, "no" and "yes", respectively. So
we can’t tell them apart.

The Greatest Common Factor (GCF)
of a set of numbers is the biggest
number that divides them all, and is
easily found by looking at the prime
decomposition of all of them.

2
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The third one is tricky. But consider what happens when you ask
"Are you the kind of person that would say ’left’ if I were to ask
’which branch should I take to get candy?’". If the candy was on the
left branch, a human being would answer ’left’ upon being asked
which branch to take, and then, ’yes’ to this question. A ghost would
have answered ’right’ upon being asked which branch to take, but
then would also have answered (untruthfully) ’yes’ to the question.
Thus, no matter whether a ghost or a human being, if the candy was
in the left branch, the answer would be ’yes’.
Similarly, if the candy was in the right branch, the human being would have answered ’right’ if asked which branch to take, and
therefore ’no’ to the question. A ghost would have answered ’left’,
and therefore would also answer (untruthfully) ’no’. So, no matter
whether a ghost or a human being, both would answer ’no’ if the
candy were in the right branch.
So, the answer to this question can tell you which way to go!

Homework
Next week is our first math Olympiad test. To prepare for it, review
all the strategies covered in the previous weeks (they appear on the
margins). Read all the problems we have covered so far, and think of
the different strategies you would use to solve them.
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Student Scores
It is important to place the right emphasis on these scores. A good
score is a sign of having learnt some of the material well. But there
is always a lot more to learn! A low score could simply mean the
right idea did not occur to you at the right time. This happens in all
competitions. But it could also mean that you have not studied some
areas carefully. In that case, the solution is simple - study harder!

Tips on Tests
Some observations from today’s tests.
Read the question carefully! Some students answered what is
the next prime number instead of what is not the next prime number.
Check your calculations. Some students made a mistake in the
first problem, which is very easy (8 × 10).
Solve the problem another way. Some students got an answer
that is only slightly off, and it turned out they even used the right
method. Had they tried solving the problem another way, they would
have spotted this. For instance, in the timer problem, it is easier to
count all the seconds that don’t have a 2 in them.
Use all your time! Many students finished early - as early as
in ten minutes! When you do finish early, spend the time thinking
carefully about your solution and alternative solutions. For instance,
you could try every possible path for the last problem, and realize
very quickly how to find the shortest one.

Scores on Entry
The following graph shows the histogram of scores of the students
when they took a test from a previous MOEMS contest of comparable
difficulty, when the program started.
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Figure 1: Scores of the students on the
sample test
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First MOEMS Test
These are the scores from the first test of the 2009 MOEMS competition. All histograms are drawn to the same scale so that you can
compare them. Knowing your score, you should be able to figure out
your performance relative to the other students in class.
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Figure 2: Scores of the students on the
First Moems test, 13th November
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Cumulative Scores
There are five tests, each worth five points. You can track your
progress through the course, as well of the entire class.
Figure 3: Cumulative scores of the
students
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Homework
Assignment 1. The average age of the eleven players in a soccer team is 22.
One player got a red card and had to leave the game, making the average 21.
How old was this player?
Assignment 2. Four kids are trying to escape from an evil ogre. They have
to go through a narrow dark tunnel. Only two kids fit into the tunnel at a
time. The kids are afraid of the dark, and cannot walk without a candle held
right in front of their eyes (that is, it won’t help to follow behind someone
holding the candle). They have a candle that can burn for twelve minutes.
The kids are of different ages and walk at different speeds. Abigail can go
through the tunnel in one minute, Beatrice in two, Cecilia in four, and Dori
in five minutes. Can they all make it through the tunnel?
Assignment 3. Dollar Bill Gates Jr. wants a million dollars. He has been
taking the Math Olympiad class. He tells his dad that he wants the tooth

3
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fairy to give him only one cent when he loses his first tooth; but two cents
when he loses his second, four cents when he loses his third, and so on, doubling the cents every time he loses his tooth. Will he get a million dollars?
Assignment 4. From the wax left overs of 7 candles, you can make a new
candle. How many candles can you burn if you buy 92 candles. (Think past
the obvious!).
Assignment 5. King Arthur was protected by the 24 knights of the square
table. The king always stayed in the central room of a square hunting lodge,
while the knights stayed in the eight rooms on the outside. The king ruled
that there should always be 9 knights protecting him on each side of the
lodge.
To start with, can you place the knights in the rooms around the king, so
that you have nine guarding him in each direction?
One night, four of the knights slipped off to a nearby village. But they
were clever: when the king went around to check, he found that there were
nine knights on each side, like he had ordered. How did the knights do this?
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Warm up with Quickies. Today’s quickies were
Quickie 1. There are 10 pets - just dogs and cats. You distribute a total of
56 biscuits; dogs get six biscuits each, and cats get five biscuits each. How
many dogs and how many cats are there?
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Quickie 2. A large bird is worth twice as much as a small bird. Five large
and three small birds cost 20$ more than three large and five small birds.
How much do large and small birds cost?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Average Age of Soccer Players
Problem 1. The average age of the eleven players in a soccer team is 22.
One player got a red card and had to leave the game, making the average 21.
How old was this player?
Solution. The average age gives the same total as if every one had the
average age. The total of the ages was initially 11 × 22. After one
player leaves, the total becomes 10 × 21. So the age of the player who
leaves must be 11 × 22 − 10 × 21 = (10 + 1) × (21 + 1) − 10 × 21 = 32.

The average of n numbers is their
sum divided by n.

Always look for patterns to use in
doing arithmetic!

Escaping from the Ogre
Problem 2. Four kids are trying to escape from an evil ogre. They have
to go through a narrow dark tunnel. Only two kids fit into the tunnel at a
time. The kids are afraid of the dark, and cannot walk without a candle held
right in front of their eyes (that is, it won’t help to follow behind someone
holding the candle). They have a candle that can burn for twelve minutes.
The kids are of different ages and walk at different speeds. Abigail can go
through the tunnel in one minute, Beatrice in two, Cecilia in four, and Dori
in five minutes. Can they all make it through the tunnel?
Solution. To minimize the time, two kids should go at a time. They
can only go as fast as the slower of the two kids. One of them has to
bring the candle back.
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The key insight is that walking back is a waste of time! So, we
should try to minimize the time spent walking back. That is, the two
kids who are the fastest, should be the only ones walking back.
Another insight is that the kids who take the longest times
should walk together so that their times are not added in separate
trips. Now the solution is clear!
Abigail and Beatrice go across in two minutes. Abigail comes back,
taking one minute. Cecilia and Dori (who take the longest times)
go across in five minutes. Now Beatrice, who was on the other side,
comes back in two minutes. So, Abigail and Beatrice are the only
ones who had to walk back. Abigail and Beatrice now go across in
two minutes. The total is 2 + 1 + 5 + 2 + 2 = 12 minutes.

Dollar Bill Gates
Problem 3. Dollar Bill Gates Jr. wants a million dollars. He has been taking the Math Olympiad class. He tells his dad that he wants the tooth fairy
to give him only one cent when he loses his first tooth; but two cents when
he loses his second, four cents when he loses his third, and so on, doubling
the cents every time he loses his tooth. Will he get a million dollars?
Solution. An approximate solution is easy. Make a table with
what he gets for each tooth!
You should see that for the 11th tooth, he gets 1024 cents, or about
10 dollars. So with another 11 teeth, he would have 10, 000 dollars.
(Why?) With another 7 teeth, you will get to a million! How many
teeth would he have lose?
What if you instead wanted an accurate solution? Notice the following pattern:
20 = 1

= 21 − 1

20 + 21 = 3

= 22 − 1

20 + 21 + 22 = 7

= 23 − 1

....
So, to add these consecutive powers of 2, it is enough to know
the next power of 2. Once we know 210 = 1024, we know 220 =
(1000 + 24) × (1000 + 24) = (1, 000, 000 + 48, 000 + 676) = 1, 048, 676.
To get to a million dollars, we need to get to a hundred million cents,
so we need to see how many more powers of two to multiply this by.
From the table, 26 is not enough, and 27 is. So, we know that 22 7 is
greater than a hundred million. So he will need to lose 26 teeth (why
not 27)?

Often, an approximate calculation is
enough!
Table 1: The Powers of 2
20
21
22
23
24
25
26
27
28
29
210

1
2
4
8
16
32
64
128
256
512
1024

Think about how to prove the pattern!
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Do people lose that many teeth?

Candle Stubs
Problem 4. From the wax left overs of 7 candles, you can make a new
candle. How many candles can you burn if you buy 92 candles. (Think past
the obvious!).
Solution. First you burn 92 candles and have 92 stubs left. You can
group 91 of these into 13 candles (since 13 × 7 = 91), and burn 13
more. Now you have a total of 14 stubs (13 from these and 1 left from
the initial 92). So you can group them into 2 candles and burn those!
Now you have 2 stubs left; not enough to make another candle. So
you can burn 92 + 13 + 2 = 107candles!

King Arthur
Problem 5. King Arthur was protected by the 24 knights of the square
table. The king always stayed in the central room of a square hunting lodge,
while the knights stayed in the eight rooms on the outside. The king ruled
that there should always be 9 knights protecting him on each side of the
lodge.
To start with, can you place the knights in the rooms around the king, so
that you have nine guarding him in each direction?
One night, four of the knights slipped off to a nearby village. But they
were clever: when the king went around to check, he found that there were
nine knights on each side, like he had ordered. How did the knights do this?

K

Solution. The first one is easy; simply dividing twenty four by eight
gives three knights to a room, and that also satisfies the condition.
3

3

3

3

K

3

3

3

3

How can we remove four, and yet keep the number on each side
the same?
The key insight is that the edges get counted only on one side
while the corners are counted in two. So, if the four knights leave
from the corners, but one knight from each center squaresmove to the
corners, we will be fine!
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Homework
Assignment 1. A father gave $1600 to his three sons. He said that his
oldest son should get $200 more than the middle son, and the middle one
$100 more than the youngest. How much should each get?
Assignment 2. We took the numbers 1, 2, 3, ..., 10 and removed one of
them. The average of the remaining nine numbers is 17/3. Which number
was left out?

This problem is attributed to the great
Swiss mathematician Leonhard Euler
(1707-1783).

Assignment 3. There are a 100 trees in a forest, in a 10 × 10 grid, that
is, ten rows of ten trees each. These trees have flying squirrels that can float
from any tree to the closest tree in the north, south-east and the south-west
directions only. (That is, they cannot jump to any of the other neighboring
trees). Prove that a flying squirrel can start at any tree and get to any other
tree in the forest by floating from tree to tree.
Don’ t forget the problem to remember! .

Assignment 4. The four knights of the square table who went to the village
each came back with a friend disguised as a knight, to play chess with! This
is against the king’s rules, but once again, they arranged themselves so there
were only nine on each side, so the king wouldn’t know. How did they do
this?
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Warm up with Quickies. Today’s quickies were
Quickie 1. There are 10 pets - just dogs and cats. You distribute a total of
56 biscuits; dogs get six biscuits each, and cats get five biscuits each. How
many dogs and how many cats are there?

−1
0
y

−1
1

1

0
x

Quickie 2. A large bird is worth twice as much as a small bird. Five large
and three small birds cost 20$ more than three large and five small birds.
How much do large and small birds cost?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Average Age of Soccer Players
Problem 1. The average age of the eleven players in a soccer team is 22.
One player got a red card and had to leave the game, making the average 21.
How old was this player?
Solution. The average age gives the same total as if every one had the
average age. The total of the ages was initially 11 × 22. After one
player leaves, the total becomes 10 × 21. So the age of the player who
leaves must be 11 × 22 − 10 × 21 = (10 + 1) × (21 + 1) − 10 × 21 = 32.

The average of n numbers is their
sum divided by n.

Always look for patterns to use in
doing arithmetic!

Escaping from the Ogre
Problem 2. Four kids are trying to escape from an evil ogre. They have
to go through a narrow dark tunnel. Only two kids fit into the tunnel at a
time. The kids are afraid of the dark, and cannot walk without a candle held
right in front of their eyes (that is, it won’t help to follow behind someone
holding the candle). They have a candle that can burn for twelve minutes.
The kids are of different ages and walk at different speeds. Abigail can go
through the tunnel in one minute, Beatrice in two, Cecilia in four, and Dori
in five minutes. Can they all make it through the tunnel?
Solution. To minimize the time, two kids should go at a time. They
can only go as fast as the slower of the two kids. One of them has to
bring the candle back.

alamo moems session 13

The key insight is that walking back is a waste of time! So, we
should try to minimize the time spent walking back. That is, the two
kids who are the fastest, should be the only ones walking back.
Another insight is that the kids who take the longest times
should walk together so that their times are not added in separate
trips. Now the solution is clear!
Abigail and Beatrice go across in two minutes. Abigail comes back,
taking one minute. Cecilia and Dori (who take the longest times)
go across in five minutes. Now Beatrice, who was on the other side,
comes back in two minutes. So, Abigail and Beatrice are the only
ones who had to walk back. Abigail and Beatrice now go across in
two minutes. The total is 2 + 1 + 5 + 2 + 2 = 12 minutes.

Dollar Bill Gates
Problem 3. Dollar Bill Gates Jr. wants a million dollars. He has been taking the Math Olympiad class. He tells his dad that he wants the tooth fairy
to give him only one cent when he loses his first tooth; but two cents when
he loses his second, four cents when he loses his third, and so on, doubling
the cents every time he loses his tooth. Will he get a million dollars?
Solution. An approximate solution is easy. Make a table with
what he gets for each tooth!
You should see that for the 11th tooth, he gets 1024 cents, or about
10 dollars. So with another 11 teeth, he would have 10, 000 dollars.
(Why?) With another 7 teeth, you will get to a million! How many
teeth would he have lose?
What if you instead wanted an accurate solution? Notice the following pattern:
20 = 1

= 21 − 1

20 + 21 = 3

= 22 − 1

20 + 21 + 22 = 7

= 23 − 1

....
So, to add these consecutive powers of 2, it is enough to know
the next power of 2. Once we know 210 = 1024, we know 220 =
(1000 + 24) × (1000 + 24) = (1, 000, 000 + 48, 000 + 676) = 1, 048, 676.
To get to a million dollars, we need to get to a hundred million cents,
so we need to see how many more powers of two to multiply this by.
From the table, 26 is not enough, and 27 is. So, we know that 22 7 is
greater than a hundred million. So he will need to lose 26 teeth (why
not 27)?

Often, an approximate calculation is
enough!
Table 1: The Powers of 2
20
21
22
23
24
25
26
27
28
29
210

1
2
4
8
16
32
64
128
256
512
1024

Think about how to prove the pattern!
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Do people lose that many teeth?

Candle Stubs
Problem 4. From the wax left overs of 7 candles, you can make a new
candle. How many candles can you burn if you buy 92 candles. (Think past
the obvious!).
Solution. First you burn 92 candles and have 92 stubs left. You can
group 91 of these into 13 candles (since 13 × 7 = 91), and burn 13
more. Now you have a total of 14 stubs (13 from these and 1 left from
the initial 92). So you can group them into 2 candles and burn those!
Now you have 2 stubs left; not enough to make another candle. So
you can burn 92 + 13 + 2 = 107candles!

King Arthur
Problem 5. King Arthur was protected by the 24 knights of the square
table. The king always stayed in the central room of a square hunting lodge,
while the knights stayed in the eight rooms on the outside. The king ruled
that there should always be 9 knights protecting him on each side of the
lodge.
To start with, can you place the knights in the rooms around the king, so
that you have nine guarding him in each direction?
One night, four of the knights slipped off to a nearby village. But they
were clever: when the king went around to check, he found that there were
nine knights on each side, like he had ordered. How did the knights do this?

K

Solution. The first one is easy; simply dividing twenty four by eight
gives three knights to a room, and that also satisfies the condition.
3

3

3

3

K

3

3

3

3

How can we remove four, and yet keep the number on each side
the same?
The key insight is that the edges get counted only on one side
while the corners are counted in two. So, if the four knights leave
from the corners, but one knight from each center squaresmove to the
corners, we will be fine!
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4
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Homework
Assignment 1. A father gave $1600 to his three sons. He said that his
oldest son should get $200 more than the middle son, and the middle one
$100 more than the youngest. How much should each get?
Assignment 2. We took the numbers 1, 2, 3, ..., 10 and removed one of
them. The average of the remaining nine numbers is 17/3. Which number
was left out?

This problem is attributed to the great
Swiss mathematician Leonhard Euler
(1707-1783).

Assignment 3. There are a 100 trees in a forest, in a 10 × 10 grid, that
is, ten rows of ten trees each. These trees have flying squirrels that can float
from any tree to the closest tree in the north, south-east and the south-west
directions only. (That is, they cannot jump to any of the other neighboring
trees). Prove that a flying squirrel can start at any tree and get to any other
tree in the forest by floating from tree to tree.
Don’ t forget the problem to remember! .

Assignment 4. The four knights of the square table who went to the village
each came back with a friend disguised as a knight, to play chess with! This
is against the king’s rules, but once again, they arranged themselves so there
were only nine on each side, so the king wouldn’t know. How did they do
this?
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Warm up with Quickies. Today’s quickies were
Quickie 1. The woods are a hundred miles deep. How far deep can a dog
wander into the woods?

−1
0
y

1

1

0
x

−1

Quickie 2. There are ten flags placed at equal distances around a track.
A runner, running at constant speed, starts at the first flag and takes five
seconds to reach the fifth flag. When will he reach the tenth flag?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Hairs on Head
Problem 1. Can you prove that there must be at least two individuals in
San Francisco who have exactly the same number of hairs on their head?
Solution. Use the pigeon hole principle! If there are about 100, 000
hairs on the human head (as I found out from Google), since there
are about 750, 000 persons in San Francisco (watch for the sign when
you drive on the Bay Bridge), at least two must have the same number of hairs .
Let us walk through the reasoning, since this is the first time you
might be using this principle. Imagine a hundred thousand pigeonholes labeled 1 through 100, 000. For each person in San Francisco,
you will write the name on a slip of paper, and put this slip in the
hole that is labeled with the number of hairs on his or head. You
now have 800, 000 slips (the pigeons!) to put in 100, 000 holes. Even
if you put the first hundred thousand slips each in a different hole,
the next slip has to go in a hole with a slip already on it! These two
individuals must have the same number of hairs on their head.
In fact, by the principle, there must be at least eight individuals
with the same number of hairs. (Why?) In reality of course, there
would be many more individuals with identical number of hairs,
since most people would have around the 100, 000 number.
What about Alamo? Alamo has only 15, 000 people, so this argument does not apply. But, it is quite possible that there are several

Principle. Pigeon-hole principle: If there
are N + 1 pigeons and N holes, at least one
hole must have two pigeons. If there are
mN + 1 pigeons, some hole must have at
least m + 1 pigeons.
Surprisingly simple, yet very powerful
idea!

Principle. Be careful where the proof
applies, and where it doesn’t.
Especially, note that a proof does not
say something about when its assumptions are not true - you would have to
prove or disprove that separately.
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individuals with the same number of hairs in Alamo. It is just that
that this is not the way to prove it.

Euler’s Numerical Problem
Problem 2. A father gave $1600 to his three sons. He said that his oldest
son should get $200 more than the middle son, and the middle one $100
more than the youngest. How much should each get?
Solution. Imagine giving them all some equal amount, then 100 to
the middle one, and then 300 to the oldest one. You have now given
400 in addition to the initial equal amounts. But the problem says he
gave them 1600. So he must have given 1200 initially, or 400 each. So
the three got $400, $500, $700!
Algebra provides a mundane way to do this. Let Y, M, and O
be the amounts given to the youngest, middle, and the oldest sons
respectively. The problem gives us the following three pieces of information (try to write these yourself).
Y+ M+O

= 1600

(1)

O

=

(2)

M

= Y + 100

M + 200

This problem is attributed to the great
Swiss mathematician Leonhard Euler
(1707-1783).
strategy: Act it out!

strategy Use equations!

(3)

Substituting the third equation in the second, gives us O = Y + 300,
and substituting this together with the third into the first gives us
Y + (Y + 100) + (Y + 300) = 1600,
or, 3Y = 1200 or Y = 400, as before. Now we can get M from the
third equation, and then O from the second. Notice that the steps in
the reasoning are the same as in the acting it out strategy above, but
in the form of symbols.

Averages
Problem 3. We took the numbers 1, 2, 3, ..., 10 and removed one of them.
The average of the remaining nine numbers is 17/3. Which number was left
out?
Solution. If the average of nine numbers is 17/3, their sum must be
51. Since the sum of the first ten numbers is 55 (why?), the number
that was removed must be 4.

Trees in a Forest
Problem 4. There are a 100 trees in a forest, in a 10 × 10 grid, that is,
ten rows of ten trees each. These trees have flying squirrels that can float

Equations are just another way to think
logically!
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from any tree to the closest tree in the north, south-east and the south-west
directions only. (That is, they cannot jump to any of the other neighboring
trees). Prove that a flying squirrel can start at any tree and get to any other
tree in the forest by floating from tree to tree.
Solution. One way is to simply show a cyclical path (one that comes
back to the starting point) through all the trees. This is a constructive
proof, one that explicitly constructs the solution. This is not always
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Strategy. Construct the answer.
In many problems, you can simply
show an example of how it can be done.
Even simply trying to do it will give
useful ideas on what is needed and not
needed.

the shortest way to get from one tree to another, just that it shows
that there is always a way to do it.
Breaking up the problem helps! Here, since the squirrels can go
both south-east and south-west, it is immediately obvious that they
can always fly to the bottom row - if they hit the eastern or western
boundary, they will just change directions to south-west or south-east
respectively. So, if we can show that they can fly from the bottom
row to any tree, we have proved that they can fly from any tree to
any other tree.
But this is easy to show! If the squirrel is already in the correct
column in the bottom row, it only needs to fly north. If it is to the
west of the correct column, by going north and then south-east, it
will move one column east. It just needs to repeat until it is in the
correct column. Similarly, if it is to the east of the correct column,

Strategy. Break up a problem into simpler
problems!
Here, flying to the bottom row, and
then from the bottom row, are easier to
solve.
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by going north and then south-west, it will move one column west,
and it can repeat this until it gets to the correct column. So, from the
bottom row, it can always get to the correct column, and then simply
fly north!
Proving every direction is possible is sufficient! If we can show
that a squirrel can go East, West, North, and South, from any tree, it
can of course go to any tree. But you have to be careful in proving
this! The corner trees and those on the edges are different from those
in the interior. To prove things without loss of generality, you have to
show this for each of these cases. In the diagram below, we show
these cases.
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More about the Knights of the Square Table
Problem 5. The four knights of the square table who went to the village
each came back with a friend disguised as a knight, to play chess with! This
is against the king’s rules, but once again, they arranged themselves so there
were only nine on each side, so the king wouldn’t know. How did they do
this?
Solution. An alternative solution to the last situation (when the four

Strategy. Enumerate all cases, prove each
of them!
Find all the cases in the big problem,
and prove each of them.
Remember without loss of generality? It
just means that doing this for one such
tree is good enough to show this is true
for all such trees.
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knights went off to the village), was provided by a student, Hailey
Hunter, the last time I taught this class. The key here is to avoid the
trap of thinking symmetrically! All the sides do not have to look the
same!
Use the insight that adding to the center is only counted once on
each side, but adding to the corners gets counted on two different
sides.

Watch for thinking traps that cause
you to overlook simple alternatives.
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Can you think of other ways to do this (like Hailey did)?

Homework
Assignment 1. Twenty five apples are delivered in three boxes. Prove that
at least one box must have nine or more apples.
Assignment 2. A magic square is one where the numbers in all the rows
and columns and the diagonals all add up to the same number. Here is a
magic square where all of these add up to 17. What number goes in the
lower left corner?

1
5

13

?

3

Assignment 3. The Lafayette Reservoir is a fun place to visit. They have
8 pedal boats, 10 kayaks and 6 canoes that you can rent and spend a lazy
afternoon drifting down the reservoir. When I went there last Sunday, I
found that six of these twenty four were already rented out. Which of the
following statements about the remaining eighteen must be true, must be
false, or may be either true or false?
• There are no more canoes for rent.

5
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• Every one of the three kinds is still available for rent.
• There is at least one canoe available for rent.
• There is at least one pedal boat available for rent.
• There are no more pedal boats.
• There are at least two more kayaks available for rent.
Assignment 4. Once the knights succeeded in fooling the king, there was
no stopping them! The next night, each of the four friends invited another
friend to come on over; so there were now eight guests in addition to the 24
knights, and, yet, they once again managed to fool the king. How did they do
this?

Don’ t forget the last assignment! (The
one you need to remember in your
head).
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Warm up with Quickies. Today’s quickies were
Quickie 1. You have three crates, labelled oranges, apples, and oranges
and apples. Every one of the labels is on the wrong box. Can you reach
in and pick one fruit from just one box (and no feeling around!), figure out
where the labels go?
Quickie 2. A boy and a girl were talking. The one with the black hair said,
“I am a boy”. The one with the brown hair said “I am a girl”. But at least
one of them was lying! Who had what colored hair?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Apples in Pigeon-holes
Problem 1. Twenty five apples are delivered in three boxes. Prove that at
least one box must have nine or more apples.
Solution. This is a simple application of the pigeon-hole principle:
3 × 8 + 1 apples distributed in 3 boxes requires at least one to get
8 + 1 = 9 apples.
worst case is another strategy that gives the same reasoning - even
when you distribute the apples equally, first, each of the three boxes
will get eight, but the left over apple must go somewhere, and so at
least one box must have nine.

Lafayette Reservoir
Problem 2. The Lafayette Reservoir is a fun place to visit. They have 8
paddle boats, 10 kayaks and 6 canoes that you can rent and spend a lazy
afternoon drifting down the reservoir. When I went there last Sunday, I
found that six of these twenty four were already rented out. Which of the
following statements about the remaining eighteen must be true, must be
false, or may be either true or false?
• There are no more canoes for rent.
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• Every one of the three kinds is still available for rent.
• There is at least one canoe available for rent.
• There is at least one paddle boat available for rent.
• There are no more paddle boats.
• There are at least two more kayaks available for rent.
Solution. In mathematics, it is important to be precise. Here, let us
consider each item in turn, and reason carefully.
• There are no more canoes for rent. Six items were rented out,
and there are only six canoes. But it is not necessary that it was
the canoes that were rented out - in fact, it might even be that no
canoe was rented out! So, may be true or false.
• Every one of the three kinds is still available for rent. It is possible
that not all the items rented out were canoes, but it is also possible
that they were! So, we can’t be sure that we will have canoes for
rent, although we can be sure that we will have paddle boats and
kayaks (Why?). So, may be true or may be false.
• There is at least one canoe available for rent. It could be that all
the canoes were rented out! so, false.
• There is at least one paddle boat available for rent. Even if all the
six items rented out were paddle boats (the worst case!), there must
be two paddle boats available for rent. So, true!
• There are no more paddle boats. From the reasoning above, not
possible! False!
• There are at least two more kayaks available for rent. Even if all
the items rented out were kayaks, there must be four left. So, true!

Forty Eight Coins
Problem 3. There are 48 identical coins in six piles. Each pile has a different number of coins. What is the smallest number of coins the largest pile
can have? What is the largest number of coins the smallest pile can have?
Solution. We can always guess and check quite easily. What is the
largest number of coins the smallest pile can have? If it had 6, for
instance, since all the other piles have to have different numbers,
there must be at least 6 + 7 + 8 + 9 + 10 + 11 = 51 coins for this to
be possible. So, we cannot have 6 in the smallest pile. Similarly, we

Principle. Use precise language.
Phrases such as exactly one, at least
one, every one, none, etc. describe very
different situations.

2
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cannot have 10 or less in the smallest pile, because 5 + 6 + 7 + 8 +
9 + 10 = 45, and we have more coins that that. But, we still need to
show that we can have solutions with 5 in the smallest pile, or 11 in
the largest pile. But, this is easy:
• 5, 6, 7, 8, 9, 13 is a solution with the smallest pile being 5,
• 3, 7, 8, 9, 10, 11 is a solution with the largest pile being 11.
Of course, there are many others. In fact, we can even find a solution where both the smallest pile is the largest possible, and the
largest pile the smallest possible!
• 5, 6, 7, 9, 10, 11.
Looking at this, we realize we could have thought of this another
way.
Act it out!. Imagine dividing the coins equally into six piles of
eight coins each. Now imagine we want to make it so that the piles
are in increasing height from left to right. But we want the biggest
pile not to grow very much, and the smallest pile not to shrink very
much. So, we first move one coin from the third pile to the fourth
pile, making the third pile smaller than the fourth pile. But now, we
need to remove two coins from the second pile to make it smaller
than the third, and add two the fifth to make it larger than the fourth.
We can do both these things by moving two coins from the third to
the fifth. But now we need to remove three coins from the first to
make it smaller than the second, and similarly, need to add three to
the sixth to make it larger than the fifth. Again, we can simply move
three coins to do this.
Since at each stage we moved the smallest number of coins possible, it is true that 5 is the largest possible shortest pile and 11 the
smallest possible largest pile.

Knights of the square table revisited
Problem 4. Once the knights succeeded in fooling the king, there was
no stopping them! The next night, each of the four friends invited another
friend to come on over; so there were now eight guests in addition to the 24
knights, and, yet, they once again managed to fool the king. How did they do
this?
Solution. Again, remember the key insight - corners get counted on
two sides, but the middle of the edges only on one. You should have
thought of two solutions!
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Homework
We will hold the second MOEMS test next week! Review all the
material you have learnt so far, especially the different strategies.
Assignment 1. If five horses eat ten stacks of hay in six days,
• how many stacks of hay do eight horses eat in twelve days?
• how long does it take for three horses to eat sixty stacks of hay?
• how many elephants can eat eighteen stacks of hay in nine days?
Assignment 2. I made a mistake in stating the problem the last time.
Sorry! The correct statement follows.
A magic square is one where the numbers in all the rows and columns
and the diagonals all add up to the same number. Each number appears only
once. Here is a magic square, with all odd numbers from 1 through 17.
What number goes in the lower left corner?
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MOEMS test results. Holiday Special.

Student Scores
It is important to place the right emphasis on these scores. A good
score is a sign of having learnt some of the material well. But there
is always a lot more to learn! A low score could simply mean the
right idea did not occur to you at the right time. This happens in all
competitions. But it could also mean that you have not studied some
areas carefully. In that case, the solution is simple - study harder!

Tips on Tests
Some observations from today’s tests.
Read the question carefully! Even kids who had the right
idea and solved the problem, wrote the wrong answer because they
misread the actual question. For example, one student got the 9 × 7
and 7 × 5 decompositions for the rectangles, somehow missed the
9 + 5 = 14! (Best I can tell, the student had written down some other
number beside the figure, and added that instead).
The dice problem was asking about the number of different sums, not
the sums themselves.
Look for Key Insights! The last problem stumped every one.
Think carefully to see if there is a simple way to think about it! The
key insight, mentioned by Cayla Quinn in class, is that when you
have a certain number of marbles and you win, you will end up
with three times the number you started with. Only one of the three
numbers in the problem is a multiple of 3. Reasoning backwards
from here will give the answer easily.
Off by one errors are a dangerous trap. A couple of kids got the
possible values for the sums to be 5, ..., 30, but counted this number
as 25! The way to avoid this trap is to think of it as 1, 2, ..., 30 with
1, ..., 4 removed.

Class performance
The graph in Figure 1 shows the number of students who got a score
of 0, 1, . . . , 5 in the three tests so far - the initial practice test, and the
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two Olympiads thus far.
Figure 1: Number of students for each
score, in the three tests
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The graph in Figure 2 below shows the cumulative scores of the
twelve students in the class for the two Olympiads so far. The students are arranged in random order. Knowing your score, you should
be able to figure out your rank in class, as well as how you are progressing relative to how others are progressing.

Homework: Holiday Special
Math can be as much fun as anything else! I chose a few meatier
problems that should be fun to do, many with your family, over the
holidays.
Assignment 1. Pooh walked one mile south, then one mile east, and then
one mile north, and found himself back where started, except there was a
bear sitting at that spot! What color was the bear?!
Assignment 2. Play the following game with someone in your family. Put
ten pieces (of anything, say, toothpicks) on the board in between you and
your opponent. Take turns. You can pick up either one or two of these pieces
on each turn. You cannot skip turns. The person who takes the last piece
wins.
Play the game several times. See if you can figure out a strategy to win.
Can you always win when you play first? Second?
What if there were twelve toothpicks? Nineteen?

2
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Figure 2: Cumulative scores for each
student in the two tests. The student’s
score in the first Olympiad is also
indicated.
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Assignment 3. Itty and Bitty are each given a card with a number on it.
The two numbers are consecutive (next to each other). They can look at
their card, but not each other’s cards.
Itty said, "I don’t know what number you have!" Bitty said, "Well, I
don’t know what number you have!"
Then, Itty said, "I don’t know what number you have!". Sure enough,
Bitty said, "Well, I don’t know what number you have!"
They each said this five times, but then, Itty said, "I know what number
you have!" Bitty immediately replied, "And I know what number you
have!"
What numbers did they have?!!
Assignment 4. For Christmas, your brother gives you a box full of old
Muse magazines - a full five years worth! You open an issue and find a
wonderful serial comic strip Kokopelli and Company. You want to read
the story in the right sequence, but you find that the issues are all jumbled
up. Can you think of ways to put the magazines in the order in which they
were published? Is one way better than another? Why?
That is, imagine you can boss your little brother around, (he is expecting
a gift from you), and you want to make him arrange these magazines in
order. What are the steps you will ask him to do. (First do this! Next, do
that! ....).
Assignment 5. Take a 8 × 8 board, and cut off its diagonally opposite
corners. (So, you will now have a board with 62 squares). Can you cover
this board with dominoes that are 2 × 1 so that they just cover the board?
Easiest way to try this is to take your dominoes, draw a square board that
is four dominoes wide on each side, and then cut off half a domino squares
on diagonally opposite corners. You can then try to cover the board with
dominoes (how many?).
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Warm up with Quickies. Today’s quickies were
Quickie 1. What word is spelled wrong in every dictionary?
Quickie 2. What is the number that satisfies
3
?
=
?
27

Problems
Since half the class had to leave half way through the class to go on a
field trip, we did the following exercise in class. The kids randomly
chose problems from previous Olympiads, and read them out to the
class. They then thought about exactly what the question was asking
and how to solve it, without necessarily solving the problem. I did this
because we have the test next week and I think the biggest weakness
I have observed so far is not reading the problems correctly, and
jumping to the first method that occurs to them.
Here are some of the problems we discussed. In the spirit of the
session, rather than write out solutions, I only give hints and emphasize points. Try to think about

Arithmetic Series
Problem 1. Sally saves thirty cents every day, while Jack saves one cent the
first day, two the next, three the third, and so on. When will they have both
saved the same?
Solution.
• Will it help to make a table?
• How about just looking at who is ahead and by how much every
day?
• How about adding the sequence 1 + 2 + 3 · · · + d and comparing
with 30 ∗ d?
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Camping Trip
Problem 2. Twelve scouts bought enough supplies to go camping for ten
days. How many days can they go camping if three more join them? (Assume the scouts each needs the same amount each day).
Solution.
• Will it help to find out how much each scout needs each day?
• Has the total amount of supplies changed?

Averages
Problem 3. The average of six numbers is four, and when a seventh number
is added, the average is now five. What was the seventh number?
Solution.
• Average means, it is as if each number was that average, when you
add up totals. Does this help?

Flashing lights.
Problem 4. One firefly flashes every two minutes, while another flashes
every three and a half minutes. They both flash simultaneously at noon.
What is the first time after one pm that they will both flash together?
Solution.
• What is the time between successive simultaneous flashings?
• Did you notice the after one pm?

Cryptarythm
Problem 5. What are the digits A and B in the following problem? Different letters represent different digits.
AB

× AB

− − −−
CAB

BDB

− − −−
BEDB

2
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Solution.
• Can you narrow down what digit B can be?
• When does the product of two two digit numbers give a four digit
number?
• Can you narrow it down to a few possibilities that you try out?

Multiples
Problem 6. How many even numbers between 1 and 101 are multiples of
three? What is the average of all the multiples of three less than a hundred?
Solution.
• Did you notice the even in the first question?
• The average in a sequence occurs in the middle. Does that help?

Areas
Problem 7. What is the area of the triangle?
Solution.
• Is it easy to calculate the area of the big rectangle?
• Is it easy to calculate the areas outside the triangle?
• What is the area of half a rectangle?

Homework
Look through the problems of the previous Olympiads. Rather than
immediately solve them fully, for each one, just think carefully about
what the problem is asking, and how to solve it. Now, and only now,
solve it. Do the first step for as many problems as you can.
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MOEMS test results.

Student Scores
It is important to place the right emphasis on these scores. A good
score is a sign of having learnt some of the material well. But there
is always a lot more to learn! A low score could simply mean the
right idea did not occur to you at the right time. This happens in all
competitions. But it could also mean that you have not studied some
areas carefully. In that case, the solution is simple - study harder!

Tips on Tests
Some observations from today’s tests.
Review the material you learn regularly. We have done problems almost identical with the second and third problems. In fact, the
painter problem is similar to the horses eating hay, and to another
we did in class two weeks ago. All of you have learnt the divisibility rules recently, so it should have occurred to you right away that
111, 111 is divisible by 3, from which point, the calculations should be
easy.
Read the question carefully! This remains a big hurdle. Even
after calculating the prime decomposition, some of you have not
added them up to give the answer.
Review your answer! The problem about tiles should have been
simple; several of you got a 6 for the answer, perhaps because you
did not check that the last 1 × 2 sections require two tiles each.

Class performance
The graph in Figure 1 shows the number of students who got a score
of 0, 1, . . . , 5 in the four tests so far - the initial practice test, and the
three Olympiads. One student has not taken the last two tests.
The graph in Figure 2 below shows the cumulative scores of the
twelve students in the class for the three Olympiads so far. The
students are arranged in random order. Knowing your scores, you
should be able to figure out your rank in class, as well as how you
are progressing relative to how others are progressing.
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Figure 1: Number of students for each
score, in the three tests
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Figure 2: Cumulative scores for each
student in the three tests. The student’s
score in the first two Olympiads is also
indicated.
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Homework
Last week, I was traveling and could not write up the assignments.
What should you do when you don’t get new homework? You
should choose problems from the past MOEMS tests, attempt them,
and bring them to class. You can ask me about any that you find
difficult, or would like more explanations.
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2
z
1

Warm up with Quickies. Unfortunately, I forgot to prepare any
today!

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Pooh the bear
Problem 1. Pooh walked one mile south, then one mile east, and then one
mile north, and found himself back where started, except there was a bear
sitting at that spot! What color was the bear?!
Solution. There are two aspects of the problem that are surprising first, that Pooh came back to the spot he started from although you
would expect him to arrive one mile East of where he started from.
The second puzzling aspect is that the problem asks for the color of
the bear, which seems to be completely unrelated to the rest of the
information in the problem.
The surprising aspects provide important clues! One could
wonder how is it possible for Pooh to come back to the same spot.
Or, one could guess that since you are expected to be able to deduce
the color of the bear, all bears in that area must be of one color.
Bears are brown, black, and . . . ? White! Further, while brown
and black bears are found in the same region, there is only one
place where all the bears are white, and that is the North Pole! So
this should give us an idea!
Every direction is South at the North Pole! And, from any
point near the North Pole, going North would take you to the North
Pole. Imagine going South one mile from the North Pole, along a
longitude. Now, go one mile East (along a latitude). Now turn and
go one mile North, to come back to the North Pole. The only kind of
bear there is a Polar bear! So, the bear was white.
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Are there others? For a long time, every one thought this was
the only place where this was true. But then, it was realized that
there are actually more, in fact, an infinity of places on the planet,
where this is true! Think of the South Pole! Near the south pole,
South is always towards the South pole. So, if we choose a point so
that when we walk one mile east, we go in a big circle (along the
latitude) and return to the same point, then if we choose the starting
point one mile north of this point, then when we walk south, and
then east, and then north, we will return to the starting point. There
are of course an infinity of such points. But there are no bears in the
South Pole, so this problem wouldn’t work.

Principle. Always look for other solutions.
Even on old, well understood problems, sometimes you can find new
ideas!

Sorting Algorithm
An algorithm tells you how to solve a problem, but doesn’t solve it
itself. Why is it important? Nowadays, everyone has something like
a little brother, a computer, to tell it what to do. If you can tell the
computer how to solve a problem, that is, if you write the algorithm
for the solution as a program that the computer can understand, the
computer will solve the problem for you!
Problem 2. For Christmas, your brother gives you a box full of old Muse
magazines - a full five years worth! You open an issue and find a wonderful
serial comic strip Kokopelli and Company. You want to read the story
in the right sequence, but you find that the issues are all jumbled up. Can
you think of ways to put the magazines in the order in which they were
published? Is one way better than another? Why?
That is, imagine you can boss your little brother around, (he is expecting
a gift from you), and you want to make him arrange these magazines in
order. What are the steps you will ask him to do? (First do this! Next, do
that! ....).
Solution. This problem of arranging things in order is called sorting.
There are actually many ways to do this. In fact, I have a thick book
with over 500 pages on how to sort different things cleverly. Here are
some ways.
• Split sort:
Go through the pile one magazine at a time, putting each magazine in one of five piles, one for each year. Now go through the
pile for each year, arranging the magazines by month. How do
you do that? Well, one tedious way will be to look for January,
pull it out, then look for February, pull it out, and so on. Or, you
could make four piles, one for each quarter, and then arrange each
quarter. That is, you find that you need to solve a small version of
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The word algorithm is named after
the ninth century Arabic mathematician, al-Kwarizmi, who wrote a book,
al Jabr wal mukabala. Guess where the
word algebra comes from!

alamo moems session 19

3

the same problem you started with. Such a situation is called recursion. Now you can put the five piles back into one big pile with
all the magazines arranged in order.
• Insertion sort:
Go through the pile one magazine at a time, putting each magazine in the right place in another pile that is always in order. That
is, you are inserting the magazine in the right place. So, when you
start, you will simply put the first magazine. Then the 2nd magazine you pick from the big pile you will put either before or after
depending on whether it was earlier or later. Then the 3rd in its
right position, and so on. When you finish with all the magazines,
the second pile will be sorted.
• Merge sort:
Make two piles from the big pile. Now make two piles from each
of these, and two from each of the four and so on! Finally, you will
have a bunch of piles with just two magazines each. These are easy
to sort; you just need to compare the two and figure out which one
came earlier.
But now you need to figure out how to merge two such sorted
piles. That is easy - look at the top issues , pick the earliest, then
look at the remaining top ones, pick the earliest one, until you
have arranged all in both piles. Repeat this with the piles until you
once again have only one pile!
There are many other, more clever, ways to sort. Which one is
better? It depends a little on how much space you have to make a lot
of piles, how much time it takes to do each step, how much out of
order the initial piles were, and so on. You will learn more about this
when you study Computer Science.

Homework
Assignment 1. Can you come up with an algorithm for finding the student with the longest arm span in your class? Can you draw a flow chart
to show this?
Assignment 2. Two kids leave from different homes and ride their bikes in
a straight line towards each other. One rides at 6 mph and another at 8 mph.
If they meet in 1/2 hr, how far apart were they when they started?
Assignment 3. A book is opened, and the product of the two facing page
numbers that appear is 1190. What are the two numbers?
Don’ t forget the problem to remember! .
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Assignment 4. A train that is 1 km long is traveling at 30 km/hr. If the
train enters a tunnel that is 1 km long, how long will it take to clear the
tunnel?
Assignment 5. With two cylinders, one measuring 3 l and another measuring 5 l, how can you measure 4 l? (I read a beautiful solution that does this
in three steps!)
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Warm up with Quickies. The quickies for today were a little different!
Quickie 1. I showed a ceramic teapot from China, common during the
Shang dynasty, over three thousand years ago, from which I was able to pour
water out, but which does not have any opening on top through which you
can pour in water! The only hole is actually in the bottom. How does one fill
up the pot?
Quickie 2. I also showed the picture of a toy chariot, from Make Magazine,
in which a soldier always points his finger south, no matter how the chariot
is turned or how fast it is drawn across the floor. This was also from China,
over four thousand years ago. There is no magnetism involved!
Quickie 3. Can you remove the coin from the wine glass just by moving
two match sticks (the glass should keep its shape)!

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Crossing the River
Problem 1. A boatman needs to take four boats across the river. The boats
take 2 min, 4 min, 8 min, and 32 min to cross the river. He can hitch two
boats together at a time, but then he can only go at the lower of the two
speeds. What is the shortest time in which he can go across the river?
Solution. Almost every one was only able to get 32 min as the answer.
But we have done an almost identical problem before (see Escaping
From the Ogre in session 13). The key insights are the two slowest
boats should go together (since they each have to cross, you might
as well save the 8 min by taking them both across at the same time),
and neither should come back. But for the latter to be true, these two
slowest boats cannot go across either first (since then one of them
would be needed to come back) or last (since one of them would have
needed to come back before this step). So, the two slowest boats cross
together, but somewhere in the middle.
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Minimize the time it takes to come back! You can check that
the boatman needs to come back at least twice. So, if he is able to use
the fastest boats to come back, he can save on the total time.
So, he can take the fastest two boats across in four minutes, come
back in two, take the slowest two boats in sixteen minutes, come
back in four, and then take the remaining two boats across in four
minutes, for a total of thirty minutes. Note that he can come back
using either the two or the four minute boat first, and that wouldn’t
change the total time.

Guessing Secrets
Problem 2. Itty and Bitty are each given a card with a number on it. The
two numbers are consecutive (next to each other). They can look at their
card, but not each other’s cards.
Itty said, "I don’t know what number you have!" Bitty said, "Well, I
don’t know what number you have!"
Then, Itty said, "I don’t know what number you have!". Sure enough,
Bitty said, "Well, I don’t know what number you have!"
They each said this five times, but then, Itty said, "I know what number
you have!" Bitty immediately replied, "And I know what number you
have!"
What numbers did they have?!!
Solution. At first sight, as Lile Donahue said in class, this problem
does not make sense. How could either of them possibly know
what the other had? But there are at least two interesting points
that should come up after thinking about this.
There is one and only one number that is mentioned in
the problem. Five. Could this have something to do with the solution? After all, if the answers turned out to be say 1023 and 1024, that
would be really surprising - there is nothing in the problem to suggest these numbers. So, it seems like we should think about numbers
like five.
When would it not be surprising if Itty actually knew
Bitty’s number right away? It seems natural that Itty did not
know Bitty’s number, but can we think of any case when she would
know the number right away? Yes! When Itty has a 0, she would
know right away that Bitty has a 1! Aha!
So, now we are getting somewhere. What about Bitty? Bitty would
have a 1, but initially would not know whether Itty had a 0 or a 2.
But, if Itty had a 2, Itty would not know what Bitty had (a 1 or a 3, so
Itty couldn’t have said she knew what Bitty had. So, Bitty knows now

2

alamo moems session 20

that Itty had a 0. So, in this case, the conversation would go like this.
• Itty: 0, Bitty: 1
Itty: “I know what number you have!” (Bitty must have a 1)
Bitty: “I know what number you have!” (Itty couldn’t have had a
2.)
What if Itty had a 1 and Bitty had a 0? Now of course Itty wouldn’t
know initially, but Bitty would know, and once she reveals that she
does, Itty would know that Bitty had a 0, not a 2. So, the conversation
would go like this.
• Itty: 1, Bitty: 0
Itty: “I don’t know what number you have!” (Does she have 2 or a
0?)
Bitty: “I know what number you have’!’ (She has to have a 1)
Itty: “I know what number you have!” (Oh, she couldn’t have had
a 2).
So, now we begin to see how the conversation would goes, depending on the numbers they have. Let us describe one more in
detail. If Itty had a 1 and Bitty had a 2, Itty would initially wonder
if Bitty had a 0 or a 2, and Bitty wouldn’t know if Itty had a 1 or a 3.
But when Itty hears that Bitty doesn’t know what Itty has, she knows
Bitty cannot have a 0, and must have a 2. But now, Bitty knows that
Itty couldn’t have had a 3, but must have had a 1. So, the conversation would go like this.
• Itty: 1, Bitty: 2
Itty: “I don’t know what number you have!” (Does she have a 0 or
a 2?).
Bitty: “I don’t know what number you have!” (Does she have a 1
or a 3?).
Itty: “I know what number you have!” (If she had a 0, she would
have known).
Bitty: “I know what number you have!” (if she had a 3, she couldn’t
have known).
And, of course, the next few go like this.
• Itty: 2, Bitty: 1
Itty: “I don’t know what number you have!” (Does she have a 1 or
a 3?).
Bitty: “I know what number you have!” (If she had a 0, she would
have known already!).
Itty: “I know what number you have!” (If she had a 3, she wouldn’t
have known).
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• Itty: 2, Bitty: 3
Itty: “I don’t know what number you have!” (Does she have a 1 or
a 2?).
Bitty: “I don’t know what number you have!” (Does she have a 2
or a 4?).
Itty: “I know what number you have!” (If she had a 1, she would
have known when I said I didn’t know).
Bitty: “I know what number you have!” (if she had a 4, she couldn’t
have known).
. . . to be continued! . . .

Homework
These problems are chosen from the fourth Olympiad in previous
years. I hope these will be good training for our fourth Olympiad!
Try to do them in 6 minutes or less, like in the test.
Assignment 1. What is the units digit when you multiply out 21997 ?
Assignment 2. Alma has a set of stones, each of which weighs a whole
number of ounces. By choosing the appropriate stones, she can make any
whole number of ounces from 1 to 31, inclusive. What is the fewest number
of stones she could have had?
Assignment 3. Early one morning Sandy took out one half of the coins
from her coin bank, and in the evening she put in twenty coins. The next
morning, she took out one third of the coins in the bank, and that evening,
she put in four coins. The next morning, she took out one half of the coins in
the bank, leaving fifteen coins. How many did she have in the beginning?
Don’ t forget the problem to remember! .

Assignment 4. A tire company produces tires for cars and motorcycles.
One week it produced 269 tires for 70 vehicles, including a spare tire for
each car, but not for any motorcycle. How many motorcycle tires did it
produce that week?
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Warm up with Quickies. Today’s quickies were
Quickie 1. A fish weighs ten pounds and half its weight. What is the
weight of the fish?
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Quickie 2. A clock chimes every hour (so, it chimes ten times at ten
o’clock) and once every quarter hour. If you hear it chime once, how long
may you have to wait to be sure what time it is?
Books can be wrong! When I gave this problem to Vishank, Niraek’s older brother, he pointed out that since there is only one such
combination that occurs, you wouldn’t have to wait the full time interval, but would know the time after the last such single chime! So,
the answer we got in the class is off by 15 minutes!.

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Shaking Hands
Problem 1. Prove that an odd number of people cannot shake hands an odd
number of times.
Solution. In class, we tried the following a few times. When an odd
number of kids, each decided on an odd number, and tried to shake
hands that many times with someone else in the group, it never
worked - there was always someone left out. When we brought in
another kid however, it always worked.
So, we made a conjecture that it is not possible for an odd number
of kids to shake hands an odd number of times. A conjecture can often be disproved by one single counter-example. To prove it however
means that you show why it must always be true.
Insights: When each kid thinks of the odd number one, Kyle
pointed out that the kids will then pair up but there will be one kid
left out. Niraek pointed out that the handshakes are counted twice,
once for each of the two kids in the shake.

conjecture: Something you think is
true.
counter-example: One instance
when a conjecture clearly does not
hold true, and therefore the conjecture
cannot be always true!
proof: Shows why a conjecture is
always true.
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With these insights, we can prove the result easily. Assume that it
is possible for such handshakes to happen. Let us represent each kid
by a thick dot, a node, and for every pair of kids who shakes hands,
join the corresponding dots by a line, an edge. A picture with such a
set of nodes, some of them joined by edges, is called a graph.

graph: A set of nodes, some joined by
lines called edges.
Figure 1: Graph of handshakes. Note
that all but one have odd handshakes.
But there is no one for this person to
shake hands with, without making the
other person’s number even.

Now, let us go around the nodes, adding up all the handshakes
at each node. There are a odd number of nodes, each with an odd
number of handshakes. So, we will be adding an odd number of odd
numbers. The result is an odd number.
But we are counting each handshake twice, once for each person
involved in the handshake. So the total number must be twice the
number of handshakes. So the result must be an even number. This is
a contradiction, and so this cannot be true!
This is a proof by contradiction! But be careful what we have
shown. We have not said anything about what happens when there
are an even number of kids (which we found in class worked for the
times we tried), or what happens when the kids think of even numbers instead. All we have done is show that when we have an odd
number of kids, an odd number of handshakes won’t work.

Repeating Patterns
Problem 2. What is the units digit when you multiply out 21997 ?
Solution. When you take successive powers of 2, you notice that the
last digits form the pattern 2, 4, 8, 6, 2, 4, . . . ,. So, you need to find out
how many groups of four are there in 1997, and what will be left.
Many of you made a mistake here! Think of a number close to 1997
that is obviously divisible by 4!

proof by contradiction: Assume
something is true, show that it results
in something that is false. So your
assumption must be false!
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Binary Arithmetic
Problem 3. Alma has a set of stones, each of which weighs a whole number
of ounces. By choosing the appropriate stones, she can make any whole
number of ounces from 1 to 31, inclusive. What is the fewest number of
stones she could have had?
Solution. You have to have a 1. To get a 2, you can either have a second 1, or simply a 2. A second 1 seems wasteful, and indeed, if you
had a 2 instead, you could get a 3 now by adding 1 and 2. How do
you get a 4? again, you could have a second 1 and use the two 1s and
the 2, or simply have a 4 which will get you 5, 6 and 7. So, this pattern is clear. By having 1, 2, 4, 8, 16, you can get all numbers from 1
to 31.
One of you thought of having 1 through 10, but realized that this
was wasteful – you could get 5 as 2 + 3, 1 + 4, or simply 5. We see
that using these powers of two, we get every number in one only one
way!
This is in fact a very fundamental idea. Every number can be
written as the sum of powers of two in one and only way. Computers
use this idea to do all their work. Thus, a computer would just track
whether a number requires zero or one of each of 1, 2, 4, 8, 16 . . . to
write the number, and represent the number in terms of just 1s and
0s. For example, 11 = 8 + 2 + 1, and a computer would represent
this as 00001011, where, reading from the right, it says it needs one of
20 , one of 21 , zero of 22 , one of 23 , and no other powers of two. This
binary number system helps the computers do arithmetic very fast.

Sandy’s Coins
Problem 4. Early one morning Sandy took out one half of the coins from
her coin bank, and in the evening she put in twenty coins. The next morning, she took out one third of the coins in the bank, and that evening, she
put in four coins. The next morning, she took out one half of the coins in the
bank, leaving fifteen coins. How many did she have in the beginning?
Solution. We have done many problems like this, and most of you
thought of working backwards as a suitable strategy. Yet, a few of you
got 116 as the answer because you were not careful about what the
step she took out one third of the coins means!

Cars and Motorcycles
Problem 5. A tire company produces tires for cars and motorcycles. One
week it produced 269 tires for 70 vehicles, including a spare tire for each car,

The Binary Number System: Write all
numbers as sums of powers of 2!
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but not for any motorcycle. How many motorcycle tires did it produce that
week?
Solution. This problem should immediately remind you of ostriches
and zebras, the problem we started the course with! Yet, many of you
got this wrong because you did not read the problem carefully.
• How many tires does each car need? (Note the spare tire.)
• Is the problem asking for the number of motorcycles?
• Without solving the problem, can you tell if the answer should be
odd or even?

Homework
Assignment 1. You have fallen sick, like many of the kids in your class.
The doctor prescribes two kinds of tablets you have to take every day for
the next ten days, one each of tablet A and tablet B, every day. The doctor
has warned you that if you don’t follow the exact dosage, your nose will
turn purple forever. These tablets look identical. Unfortunately, on the third
day, you shake out one of tablet A, but two of tablet B on to your hand, and
cannot tell which is which. How can you avoid getting a purple nose?
Assignment 2. Can you draw the following figure starting at any node
and returning to the same node, but without retracing your steps?

Assignment 3. Write down the numbers 1 through 10 on a line. Can you
put a + or − before each, so that the result is 0? (For example, +1 − 2 −
3 = −4).
Assignment 4. Pick five problems from previous years’ MOEMS. Read
the problem. Do nothing for one whole minute except think about what
the problem is saying and what it is asking. That is, is it asking tires or
motorcycles, how many tires does a car need, etc. Then think about how
to solve the problem, that is, what would be the strategy? Can you say
something about the solution without actually solving the problem? (Should
the number of tires be even or odd?)
Go ahead and solve the problem if you like!

4
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Student Scores
It is important to place the right emphasis on these scores. A good
score is a sign of having learnt some of the material well. But there
is always a lot more to learn! A low score could simply mean the
right idea did not occur to you at the right time. This happens in all
competitions. But it could also mean that you have not studied some
areas carefully. In that case, the solution is simple - study harder!

Tips on Tests
Some observations from today’s tests.
Review the material you learn regularly. We have done problems almost identical with the first four problems. Many of you saw
the working backwards strategy for the first easily, and the similarity of
the piles of cards with the students in the band problems. We had also
done problems with kids bicycling towards each other; here they were
bicycling in the same direction!
Read the question carefully! While most of you now are avoiding this mistake, a couple of you still did not pay attention to the first
question asking for the sum of what A and B had, not what either of
them had.
Review your answer! In the last problem, the answer has to be a
cube number, since it is filling up a bigger cube with smaller cubes.
That is, it can only be 1, 2 × 2 × 2, 3 × 3 × 3 . . . . Some of you got
answers such as 7, and yet did not think that this could not even be
right.

Class performance
The graph in Figure 1 shows the number of students who got a score
of 0, 1, . . . , 5 in the four tests so far - the initial practice test, and the
four Olympiads. One student has not taken two tests.
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Figure 1: Number of students for each
score, in the four tests

8
7

6
5

3

Olympiad 4

4

3

Olympiad 3

Number of Students 3

2

Olympiad 2

2

1

Olympiad 1

1

0

Practice Test

0

1

2

3

Scores

4

5

2

alamo moems session 22

The graph in Figure 2 below shows the cumulative scores of the
twelve students in the class for the four Olympiads so far. The students are arranged in random order. Knowing your scores, you
should be able to figure out your rank in class, as well as how you
are progressing relative to how others are progressing.

Homework
This time, I chose problems from the fifth Olympiads in previous
years that students found difficult.
Assignment 1. Alexandra gives 1/2 of her marbles to Tyler, who gives
2/3 of what he receives to Jan, who gives 3/4 of what she receives to Jerry.
If each has a counting number of marbles, what is the fewest number of
marbles that Alexandra could have started with?
Assignment 2. What is the greatest possible sum that can result from
BAD + MAD + DAM if the different letters represent different digits
chosen from 1, 3, 8, and 9?
Assignment 3. A single story house is to be built on a rectangular lot 70
feet wide by 100 feet deep. The shorter side of the lot is along the street. The
house must be set back 30 feet from the street. It must also be 20 feet from
the back lot line and 10 feet from each side lot line. What is the greatest area
that the house can have in square feet?
Assignment 4. At Hudson High School, the first class starts at 8:26 AM
and the fourth class ends at 11:26 AM. There are 4 minutes between classes
and each class is the same length. How many minutes are there in one class
period?
Assignment 5. Tanya forms her sequence by starting with the number 2
and adding 3 continuously. She gets the following: 2, 5, 8, 11, 14, and so on.
Joe forms his sequence by starting with the number N (not 3) continuously.
His second number is 9 and his fifth number is 21. What is his 1000th
number?

3
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Figure 2: Cumulative scores for each
student in the four tests. The student’s
score in the first three Olympiads is
also indicated.
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Warm up with Quickies. Today’s quickies were
Quickie 1. Can you rearrange the letters in new door to form one word?
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Quickie 2. How many ways can you remove something from seven to get
a result that is even but not less than zero?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Pills
Problem 1. You have fallen sick, like many of the kids in your class. The
doctor prescribes two kinds of tablets you have to take every day for the
next ten days, one each of tablet A and tablet B, every day. The doctor has
warned you that if you don’t follow the exact dosage, your nose will turn
purple forever. These tablets look identical. Unfortunately, on the third day,
you shake out one of tablet A, but two of tablet B on to your hand, and
cannot tell which is which. How can you avoid getting a purple nose?
Solution. This is a great example of a problem that is elementary but
not easy!
The key insight is that if you had half of each tablet in
your hand, you would eat the right dose of tablet B, but only half of
A. But this is ok! You can simply break one of the whole A tablets
you have into two, and use the two halves over two days in which
you eat the three halves. (Warning: don’t mess up again - keep track
of the halves and the tablets!)

Drawing Figures Without Retracing Steps
Problem 2. Can you draw the following figure starting at any node and
returning to the same node, but without retracing your steps?
Solution. We saw before that when you try something many ways
and it doesn’t work, it should occur to you that may be it cannot

A problem can be elementary, that
is, understanding what it is asking, or
solving it, does not require any advanced
mathematics such as calculus, or, as in
this case, even algebra! But the problem
can still be hard to solve. Of course,
whether the problem is hard to solve
depends on you, and your experience
with problem solving.
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work, and that you should try to prove that it cannot work! (Remember the odd number of people shaking hands an odd number of
times?).
To be able to go to every node without retracing your steps, it
must be true that for every way that you come to the node, there
must be a way that goes out. That is, the number of paths (we call
them edges) that meet at every node must be even! Since this is not
true in this diagram (each node has five paths) we cannot draw it
without retracing steps.
Note that we have not shown that if the number of paths is
even, we can always draw the diagram! We have only shown that if it
is not, we cannot draw the diagram.

Mathematicians say that this condition
is necessary but not sufficient!

Another Parity Problem
Problem 3. Write down the numbers 1 through 10 on a line. Can you put
a + or − before each, so that the result is 0? (For example, +1 − 2 − 3 =
−4).
Solution. When you add all the numbers with a + in front of them,
this must equal all the numbers with a − in front of them for the
result to be 0. But the sum of all these numbers is 55!

Cryptarythm
Problem 4. What is the greatest possible sum that can result from BAD +
MAD + DAM if the different letters represent different digits chosen from
1, 3, 8, and 9?
Solution. The key idea here is that the position of the letter matters!
You should see that this is actually 102 ∗ D + 101 ∗ M + 100 ∗ B + 90 ∗
A. This should tell you which one should be 9, and so on.

House Lot
Problem 5. A single story house is to be built on a rectangular lot 70 feet
wide by 100 feet deep. The shorter side of the lot is along the street. The
house must be set back 30 feet from the street. It must also be 20 feet from

The whole basis of our positional
number system is that it matters
where the digit is: 121 is different from
211!
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the back lot line and 10 feet from each side lot line. What is the greatest area
that the house can have in square feet?
Solution. All you need to do here is to see that the house itself is
50 × 50 f eet Why?

School Periods
Problem 6. At Hudson High School, the first class starts at 8:26 AM and
the fourth class ends at 11:26 AM. There are 4 minutes between classes
and each class is the same length. How many minutes are there in one class
period?
Solution. The main trap here is that you might not realize that there
are three intervals between classes, not four. Once you get that, the
rest is trivial.

Homework
Once again, I am choosing some problems that have appeared in the
fifth Olympiad in previous years, that students found difficult.
Assignment 1. Biff’s goat is tied to the corner of a square shed that is 6 m
on each side. The rope is 8 m long. The area outside the shed over which the
pet can wander is Nπ sq m. What is N?
Assignment 2. In the number 203, 500, the last two zeroes are called
terminal zeroes. The zero after the digit 2 is not a terminal zero. How many
terminal zeroes does the product of the first 30 counting numbers, that is,
1 × 2 × 3 × · · · × 30 have?
Assignment 3. If 3 smiles = 10 grins and 6 grins = 9 laughs, how many
laughs does it take to equal 2 smiles?
Assignment 4. Anna wants to cover the outside of a rectangular box with
colored paper. The box has a square base with area of 16 square inches. The
volume of the box is 80 cubic inches. How many square inches of paper will
Anna need to completely cover the box, including the top and bottom, with
no paper left over?
Assignment 5. In each turn of a certain game, only the following pointscores are possible: 5, 3, 2, 0. Eight turns are taken. In how many ways can
the total point score be 25?

Don’ t forget the last assignment! (The
one you need to remember in your
head).
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Warm up with Quickies. Some of the easier MOEMS 1st Olympiad
problems can now be Quickies! Today’s quickies were
Quickie 1. What is 1/2 of 2/3 of 3/4 of 4/5 of 100?
Quickie 2. What is 268 + 1375 + 6179 − 168 − 1275 − 6079?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies. The best way to prepare for a test
is to solve problems from previous tests. For the next couple of
weeks, we’ll solve plenty of problems from previous fifth MOEMS
Olympiads to prepare for the Olympiad on March12th. Here are
some we did in class today (Since I explained them in class, I only
give reminders here about the solutions).

Probability
Problem 1. A bag contains some marbles, all of the same size. Eight of
them are black, and the rest red. The probability of drawing a red marble
from the bag is 32 . Find the total number of red marbles in the bag.
Solution. Remember that probability is the ratio of the number of favorable results to the total number of results; in this case, the number
of red balls to the total number of balls.

Numbers in a L Shape
Problem 2. The numbers 1 through 9 are placed in a L shape, with five
numbers vertically, and five horizontally, with one number in common
between the vertical and horizontal column. What are the possible values for
this number M, if of the four other numbers in the horizontal row, three are
4, 9, and 7?
Solution. Remember what the total of the numbers must be, and
therefore what the total of the horizontal ones can be.
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Octagon Area
Problem 3. Each side of a 9 cm × 9 cm square is divided into three parts.
All the inner points are joined in the shape of an Octagon. What is its area?
Solution. Finding the rest of the area is sometimes easier than finding
the area itself.

Beads in a Pattern
Problem 4. Colored beads are placed in the following order: one red, one
green; then two red, two green; then three; and so on. How many of the first
one hundred beads are red?
Solution. Remember how to add consecutive numbers, and see how
many complete groups are there.

Average Speed
Problem 5. Dale travels between three cities on the vertices of an equilateral triangle with every pair of cities 120 miles apart. She starts from A and
returns to A. Her average rate from city A to city B is 60 mph. Her average
rate from city B to city C is 40 mph. Her average rate from city C to city A
is 24 mph. What is Dale’s average rate for the entire trip?
Solution. Remember what average means. It is as if every one was
the same. Here, the average speed means that if Dale went at that
speed around the triangle, she would take the same time. Don’t make
the mistake of averaging the speeds. You need to find out the total
time!

Homework
All these problems are from previous Olympiads.
Assignment 1. What simple fraction is equal to the complex fraction
1
1 ?
4+

2+ 31

Assignment 2. When a natural number is multiplied by itself, the result
is called a perfect square. So, examples are 1, 4, 9, and so on. Which year in
the eighteenth century was a perfect square?
Assignment 3. There are ten numbers, each with one more two than the
previous: 2, 22, 222, . . . , 2222222222. What is the hundreds digit of the sum
of these ten numbers?
Assignment 4. Peter had a noon appointment with his Doctor, who was
60 miles away. He drove at an average speed of 40 mph and arrived 15
minutes late. At what time did he leave?

2

alamo moems session 24

Assignment 5. In the multiplication example ABCD × 9 = DCBA,
different letters represent different digits. What four digit number does
ABCD represent.
Assignment 6. What number is the difference between the sum of the first
25 multiples of 4 and the sum of the first 25 multiples of 3? (Multiples of 2
are 2, 4, 6, 8, . . . .)
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Warm up with Quickies. We can now do simple moems problems
as quickies!
Quickie 1. The sum of five consecutive numbers is 45. What is the smallest
of these five?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies. All these are problems that appeared
in previous Olympiads, and are good preparation material for the
test. Since we covered these in class, I will not write out full solutions, only reminders.

Race
Problem 1. When Alice and Betty ran a 50 meter race, Alice finished 10
meters ahead. If they ran at this speed in a 60 meter race, how much ahead
would Alice finish?
Solution. Think how much ahead Alice is, each 10 meters.

Extended Fraction
Problem 2. What simple fraction is equal to the complex fraction

1
4+

1
2+ 13

?

Solution. Simplify the easiest fraction and its sum (2 + 1/3), and
proceed backward.

Perfect Square
Problem 3. When a natural number is multiplied by itself, the result is
called a perfect square. So, examples are 1, 4, 9, and so on. Which year in
the eighteenth century was a perfect square?
Solution. Note that 402 = 1600; and calculate 422 = 40 ∗ 40 + 40 ∗ 2 +
2 ∗ 40 + 2 ∗ 2 (Why?!).
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Big Additions
Problem 4. There are ten numbers, each with one more two than the previous: 2, 22, 222, . . . , 2222222222. What is the hundreds digit of the sum of
these ten numbers?
Solution. What is the result and the carry when you add the units
digits? The tens digits? Now try this one:
Problem 5. What is the tens digit in the sum of these thirty numbers:
1, 11, 111 . . . ?

Late Pete
Problem 6. Peter had a noon appointment with his Doctor, who was
60 miles away. He drove at an average speed of 40 mph and arrived 15
minutes late. At what time did he leave?
Solution. How long does it take to go 60 miles at 40 mph? If he arrived late, when did he start?

Cryptarythm
Problem 7. In the multiplication example ABCD × 9 = DCBA, different letters represent different digits. What four digit number does ABCD
represent.
Solution. If ABCD is a four digit number, and you multiply it by 9,
and still get a four digit number, what must A be? From this, what
must D be? Can B be greater than 1?

Sequences
Problem 8. What number is the difference between the sum of the first 25
multiples of 4 and the sum of the first 25 multiples of 3? (Multiples of 2 are
2, 4, 6, 8, . . . .)
Solution. Break this up: 4 × (1 + 2 + · · · + 25) − 3 × (1 + 2 + · · · + 25).
Do you see you can subtract the first terms, then the second terms,
and so on, and then add?

Week’s Wages
Problem 9. Peter was to get paid 85$ and a bicycle for eight weeks of work.
Since he only worked 5 weeks, they paid him 25$ and the bicycle. How much
was the bicycle worth?
Solution. There is an easy way to do this! How much are three
weeks’ wages? From this, how much are five weeks wages?

2
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Homework
Next week is the last Olympiad. The more problems you do from the
previous Olympiads, the better prepared you will be. Here are some
from previous Olympiads.
Assignment 1. The sum of the ages of three children is 32. The age of the
oldest is twice the age of the youngest. THe ages of the two older children
differ by three years. What is the age of the youngest child?
Assignment 2. Find the largest two digit number such that when you
interchange the two digits, the difference from the original number is 45.
Assignment 3. A train traveling at 30 mph reaches a tunnel which is 9
times as long as the train. If the train takes 2 min to completely clear the
tunnel, how long is the train? (One mile is 5280 feet).
Assignment 4. What is the value of C if A + B + C = AB?
Assignment 5. How many zeroes at the end will 1 × 2 × · · · × 20 have?
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Student Scores
It is important to place the right emphasis on these scores. A good
score is a sign of having learnt some of the material well. But there
is always a lot more to learn! A low score could simply mean the
right idea did not occur to you at the right time. This happens in all
competitions. But it could also mean that you have not studied some
areas carefully. In that case, the solution is simple - study harder!

Tips on Tests
Some observations from today’s tests.
Review the material you learn regularly. Two of the problems
were identical to problems we have done in class. The second problem, about Cars and Trucks, is identical to the Ostriches and Zebras
problem (Look at moems 2 handout), and we looked at about five
ways to solve such problems! The fifth problem, finding the lowest
number in a sequence, given its average, we have done in class. (Do
you see how close it is to the Quickie in handout 25?).
Read the question carefully! The only reason to get an incorrect answer for the problem about small cubes touching the faces of
the big cube is if you missed the fact that the top of the box was off.
For the red and blue candies, the problem asked the total number
Zach started with, not the number left.
Look for patterns. The first problem should have taken less than
a minute if you realized that the numbers could be paired up to add
to 25 (and the symmetry in the pattern should have been a clue). In
the candies problem, if you had noticed that Zach ate three candies,
and the initial number was a multiple of three, you would have realized that the final number would have been a multiple of three and
seven, leading you immediately to the answer.

Class performance
The graph in the Figure below shows the number of students who
got a score of 0, 1, . . . , 5 in the six tests so far - the initial practice test,
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and the four Olympiads. One student has not taken two tests.
Notice that in the fourth Olympiad, eight of the twelve students
scored a 3, and two kids 4; but in this one, only two scored 3, and
only one a 4. The performance has therefore fallen.
Figure 1: Number of students for each
score, in the four tests
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Scores

The graph in Figure 4 below shows the cumulative scores of the
twelve students in the class for the four Olympiads so far. The students are arranged in random order. Knowing your scores, you
should be able to figure out your rank in class, as well as how you
are progressing relative to how others are progressing.
There are two students in first place, with a score of 15 each; and a
handful of kids pecking at their heels with scores from 11 to 13.

Homework
We will continue to do a couple of short problems, like in the Olympiads,
to keep in shape. But we will also try to keep progressing, and solve
longer problems. You have to attempt the homework to attend this
class.
Assignment 1. The average weight of a group of children is 100 pounds.
Todd, who weighs 112 pounds, then joins the group. This raises the average

2
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Figure 2: Cumulative scores for each
student in the four tests. The student’s
score in the first three Olympiads is
also indicated.
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weight of the group to 102 pounds. How many children were in the original
group?
Assignment 2. Each person in a room shakes hands with every other
person in the room exactly once. There were a total of fifteen handshakes.
(When two people shake hands, it counts as exactly one handshake). How
many people were in the room?
Assignment 3. The caretaker for the seals in Marine World stores the
following amounts of fish in eight different buckets: 3 kg, 14 kg, 18 kg,
22 kg, 27 kg, 32 kg, 36 kg and 60 kg. TOday he is planning to give them
80 kg of fish. Which buckets should he carry out to the pool if he wants to
carry the least number of buckets and exactly 80 kg of fish?
Assignment 4. How many squares can you see in this picture?

Don’ t forget the last assignment! (The
one you need to remember in your head
- I gave this a couple of weeks ago; it
was about pizza slices).
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Proofs Without Words
Your teacher is recovering from a cold, and wanted to talk less in
class. So we did a bunch of proofs without words. See if you can draw
the proofs for the following.
• Area of a rectangle
• Area of a triangle
• Pythagorus’ Theorem
• Sum of the first n numbers
• Sum of the first n odd numbers
• 1/2 + 1/4 + 1/8 + · · · = 1
• 1/2 = 1/3 + 1/9 + 1/27 + . . .

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies. The solutions are written assuming
that you made a serious attempt to solve the problem on your own,
and therefore followed most of the discussion in class, and only need
a little gentle remainder to solve it now.

Fish in Marine World
Problem 1. The caretaker for the seals in Marine World stores the following
amounts of fish in eight different buckets: 3 kg, 14 kg, 18 kg, 22 kg, 27 kg,
32 kg, 36 kg and 60 kg. Today he is planning to give them 80 kg of fish.
Which buckets should he carry out to the pool if he wants to carry the least
number of buckets and exactly 80 kg of fish?
Solution. Did you plan to calculate systematically? Did you find
it helpful to make a table of values for the sums of pairs of these
numbers? Suppose you had made such a table, say with eight rows
for each of these weights, and eight columns for these weights, and
each cell the sum of the weights for the row and column. Would
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The great mathematician, Euler, went
blind, but continued to produce significant mathematics for many years
afteward. You only need your brain to
do mathematics!
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you need to fill in the whole table? (Hint: It doesn’t matter which
order you add two numbers!). How can you quickly tell if two of
the numbers add up to 80? How can you quickly tell if three of the
numbers add up to 80? How can you tell if two pairs of numbers add
up to 80?
There is no way to learn such clever ways other than to do them!
The more you manipulate numbers, the more short cuts you will
see for doing such things.
Here are two answers I found: (3, 18, 27, 32) and (3, 14, 27, 36)

Pizza Slices
Problem 2. This was a problem to remember a few weeks ago. How many
slices can you cut a pizza into with three cuts? Note that the slices do not
have to be equal. For extra credit, you were asked to think about what happened with four cuts.
Solution. To get the most number of slices, each cut should try to
cut every other cut. (Do you remember the problem we did long ago
about the maximum number of points of intersection of five lines?).
Check that with three cuts, we can get seven slices. See that you get:
What is the pattern? Do you notice how the number of slices grows?
Cuts
0
1
2
3
4

Slices
1
2
4
7
11

(Hint: Look at the differences between successive numbers of slices).
Why do you think that is?

Shaking Hands
Problem 3. Each person in a room shakes hands with every other person in
the room exactly once. There were a total of fifteen handshakes. (When two
people shake hands, it counts as exactly one handshake). How many people
were in the room?
Solution. Did you think of drawing a graph, with nodes and edges,
like we did for such problems? The graph in this case is a complete
graph, where every node is joined by an edge to every other node.
So, the question is asking how many nodes are needed for a complete
graph to have fifteen edges.

Table 1: default
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Or, did you think of writing out the people as say A, B, C, D, . . .
and all the handshakes as A − − B, A − −C, . . . in some systematic
way to make sure you are counting correctly?
Better still, do it both ways, and check that you need six people!

Averages
Problem 4. The average weight of a group of children is 100 pounds. Todd,
who weighs 112 pounds, then joins the group. This raises the average weight
of the group to 102 pounds. How many children were in the original group?
Solution. If Todd was a hundred pounds, what would the new average have been? Do you remember the idea bout average being as
if every one was that weight for say the total weight? Do you see
that Todd’s extra twelve pounds must have got distributed among
everyone (including himself) to get this new weight?

Counting Squares
Problem 5. How many squares can you see in this picture?

Solution. The strategy is to count systematically. How many squares
of size one do you see? Size four square units? Size nine square
units? (Careful!) Size sixteen?

Homework
We will continue to do a couple of short problems, like in the Olympiads,
to keep in shape. After all, you might want to take the Olympiads
again the next year. But we will also try to keep progressing, and
solve longer problems. You have to attempt the homework to attend
this class. Of course, you might not be able to solve the problems,
but that is ok; what is important is to attempt them sincerely.

3
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Assignment 1. Twenty unit cubes are glued together to form a 3 × 3 × 3
cube with the center columns missing left-right, top-bottom, and front-back.
(Think of starting with a full cube and removing these center cubes). This
solid is dipped in a bucket of paint. How many square units of surface area
will be painted.
Assignment 2. Ten people stand in line. The first goes to the back of the
line and the next person sits down, so that the person who was third is
now first in line. Now he does the same, and this repeats until only person
remains in line. What position did he originally have.
Assignment 3. Five members of a computer club decide to buy a used
computer by divinding the cost equally. Three new members joined, and
agreed to pay their fair share. This resulted in a saving of $15 for each of the
original members. What was the price of the computer?
Assignment 4. There are 32 students and 2 teachers planning to go on
the Yosemite trip from Mrs. X’s class. Each room in the hotel has four beds.
Students of the same gender may sleep in the same room. Students and
teachers will have to be in different rooms. At least how many rooms should
the hotel have to reserve for this group if the school forgot to send the list of
names to the hotel? (That is, the hotel does not know how many boys and
how many girls).
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Warm up with Quickies. Today’s quickies were
Quickie 1. A caterpillar is at the bottom of a 75 cm vertical well? Each
day, it climbs up 5 cm, but then slips down 1 cm. How many days will it
take for the caterpillar to climb out of the well?
Quickie 2. Three kids go to Disneyland. They each have tokens worth
10, 15, and 20 Disney cents. A ride costs five Disney cents. How can they
pay for a ride?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Twenty Unit Cubes
Problem 1. Twenty unit cubes are glued together to form a 3 × 3 × 3
cube with the center columns missing left-right, top-bottom, and front-back.
(Think of starting with a full cube and removing these center cubes). This
solid is dipped in a bucket of paint. How many square units of surface area
will be painted.
Solution. Count systematically! How many different kinds of cubes
are there in this figure? Do you see that the corner cubes are of one
kind? All the others are of another kind. From this, you should see
that the answer is 4 × 12 + 8 × 3. (Check).
Try doing it another way to be sure. What if you started with
a whole 3 × 3 cube, that was dipped in paint, but then removed
these cubes one by one? Each time, how many more faces need to be
painted, and how many less?
Here, exterior versus interior surfaces provide another approach.

Standing in Line
Problem 2. Ten people stand in line. The first goes to the back of the line
and the next person sits down, so that the person who was third is now first
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in line. Now he does the same, and this repeats until only person remains in
line. What position did he originally have.
Solution. In a test, you can play it safe by simply doing this step by
step. After you do one round of this, do you notice that only the odd
numbered individuals are left? Is it obvious why? What if you do
this again? And again?
But moving back to the line is same as starting with a
circle! So, you could simply have alternate persons sit down and
continue down the circle! You could have solved it faster that way.

Computer Club
Problem 3. Five members of a computer club decide to buy a used computer
by dividing the cost equally. Three new members joined, and agreed to pay
their fair share. This resulted in a saving of $15 for each of the original
members. What was the price of the computer?
Solution. You could do this using algebra. But remember the acting it
out strategy we have used for such problems in the past. Imagine that
the seller of the computer has already taken the money from the five
original members and left. So what should the three new members
do to make sure they pay their fair share? They should give their
share to the five others. But we know what this share is! This tells
you what each member’s share is, and so what the computer’s cost
is!

Yosemite Trip
Problem 4. There are 32 students and 2 teachers planning to go on the
Yosemite trip from Mrs. X’s class. Each room in the hotel has four beds.
Students of the same gender may sleep in the same room. Students and
teachers will have to be in different rooms. At least how many rooms should
the hotel have to reserve for this group if the school forgot to send the list of
names to the hotel? (That is, the hotel does not know how many boys and
how many girls).
Solution. Think of the worst case! What is the worst case? Is it all boys
and girls? What if we had 31 boys and 1 girl? Does it matter if we
had 31 girls and 1 boy instead? What if the two teachers need two
different rooms?
Suppose we call floor of a number, the closest integer below the
number (so, for instance, the floor of 9/8 is 2), and the ceiling of a
number the closest integer above the number (so, the ceiling of 12/8
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is 2. Do you see that the answer is actually the ceiling of the number
of boys divided by four, added to the ceiling of the number of girls
divided by four, and then two rooms for the teachers?

Homework
We will try some fun problems over spring break!
Assignment 1. Play the pennies on a plate game. Two players sit with
a small flat circular plate, and a pile of pennies. They take turns placing
pennies on the plate. The pennies can touch each other at their edges, but
must be fully on the plate. The one who cannot place a penny loses. Is there
a winning strategy for either player?
Assignment 2. This is a simpler version of the chocolate breaking game.
Two players should take turns breaking up a 6 piece × 8 piece chocolate
bar along the creases. They can break any of the remaining pieces along a
crease on their turn. The player who cannot make any more breaks loses
(you cannot break a piece, only along the crease). Does either player have a
winning strategy?
Assignment 3. There are eight pairs of black and seven pairs of red gloves
in a bag. (Warning: These are gloves, not mittens!). You pick them out one
at a time, without looking. How many gloves do you need to pick to be sure
you pick
1. One pair of gloves, even if mismatched in color.
2. One pair of black gloves.
3. Two pairs of gloves, even if they are mismatched in color.
4. Two matched pairs of gloves of different colors.
5. One pair of black and two pairs of red gloves.
Assignment 4. The faucet in your bathtub can fill up the tub in fifteen
minutes. When you pull the plug and open the drain, it can drain a full tub
in twenty minutes. Suppose the tub is empty and you open the faucet, but
also leave the drain open. Will the tub fill up? If so, in how much time?
Don’ t forget the last assignment! (The
one you need to remember in your
head).
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Warm up with Quickies. Today’s quickie was
Quickie 1. Every time it rains, Pete sneezes. I just heard Pete sneeze. Is it
raining now?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Pennies on a Plate Game
Problem 1. Play the pennies on a plate game. Two players sit with
a small flat circular plate, and a pile of pennies. They take turns placing
pennies on the plate. The pennies can touch each other at their edges, but
must be fully on the plate. The one who cannot place a penny loses. Is there
a winning strategy for either player?
Solution. Is there a place on the plate that is special? Can you use the
symmetry of the problem in some way? Will your solution work for
other shapes? Which ones?

Chocolate Breaking
Problem 2. This is a simpler version of the chocolate breaking game. Two
players should take turns breaking up a 6 piece × 8 piece chocolate bar along
the creases. They can break any of the remaining pieces along a crease on
their turn. The player who cannot make any more breaks loses (you cannot
break a piece, only along the crease). Does either player have a winning
strategy?
Solution. What happens to the number of pieces of chocolate after
each move? What is the number of pieces when you begin? When the
game finishes? Does this suggest who has a winning strategy?

Pawns on a Pie Plate
Problem 3. Take a pie plate divided into six parts (like slices of a pizza).
Place a pawn on each slice. On each move, you have to take two of the
pawns and move them to their neighboring slices. Can you finish with all
the pawns on one slice?
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Solution. After you try it a few times, and you see that you cannot do
it, it is a good idea to try to prove that you cannot do it! How can you
do that?
Number the slices arbitrarily, one through six. Suppose
the score for a position is the sum of the numbers of the slices that
the pawns are on. What is the initial score? If you can finish with
all the pawns on one slice, what will be the score? On each move,
what happens to the score? Do you see a simple argument involving
evenness and oddness to show why you cannot do this?

Homework
Watch for the special competition homework in your email this week!
We learnt the rules of Ken-Ken in class. On each row and each column of a n × n grid, you must have the digits 1, . . . , n appear once
and only once. Further, the digits in a cage (that is, a group of squares
that have a border around them), should satisfy the operation in the
cage. For instance, if there are three squares in a cage, and the operation says 6×, the three numbers must multiply to six (so they can be
1, 1, 6, or 1, 2, 3. If it had said 6+, the three numbers must be 1, 1, 4, or
1, 2, 3, or 2, 2, 2. The order in which they appear in the squares needs
to be figured out using logic. Here are some Ken-Ken challenges for
you to try.
These are from Tom Davis’ tutorial on Ken Ken, available on his
web site (http://www.geometer.org/mathcircles/index.html). Tom
Davis is a famous engineer, who worked at SGI in its heyday as Principal Scientist.
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10 Easy Puzzles (Solutions: Section 16)
7+

3−

2×

7+

2×

6+

2

10 +

9+

4

6+

1

2×

8+

7+

8+

6×

1

4

7+

8+

3

6+

11 +

7+

3×

9+

9+

6+

10 +

1

2

3×

8+

9+

6+

2×

8+

7+

6+
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7+
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Warm up with Quickies. Today’s quickie was
Quickie 1. Every time it rains, Pete sneezes. I just heard Pete sneeze. Is it
raining now?

Problems
Review this section after each class, and periodically, to refresh your
memory of different strategies.

Pennies on a Plate Game
Problem 1. Play the pennies on a plate game. Two players sit with
a small flat circular plate, and a pile of pennies. They take turns placing
pennies on the plate. The pennies can touch each other at their edges, but
must be fully on the plate. The one who cannot place a penny loses. Is there
a winning strategy for either player?
Solution. Is there a place on the plate that is special? Can you use the
symmetry of the problem in some way? Will your solution work for
other shapes? Which ones?

Chocolate Breaking
Problem 2. This is a simpler version of the chocolate breaking game. Two
players should take turns breaking up a 6 piece × 8 piece chocolate bar along
the creases. They can break any of the remaining pieces along a crease on
their turn. The player who cannot make any more breaks loses (you cannot
break a piece, only along the crease). Does either player have a winning
strategy?
Solution. What happens to the number of pieces of chocolate after
each move? What is the number of pieces when you begin? When the
game finishes? Does this suggest who has a winning strategy?

Pawns on a Pie Plate
Problem 3. Take a pie plate divided into six parts (like slices of a pizza).
Place a pawn on each slice. On each move, you have to take two of the
pawns and move them to their neighboring slices. Can you finish with all
the pawns on one slice?
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Solution. After you try it a few times, and you see that you cannot do
it, it is a good idea to try to prove that you cannot do it! How can you
do that?
Number the slices arbitrarily, one through six. Suppose
the score for a position is the sum of the numbers of the slices that
the pawns are on. What is the initial score? If you can finish with
all the pawns on one slice, what will be the score? On each move,
what happens to the score? Do you see a simple argument involving
evenness and oddness to show why you cannot do this?

Homework
Watch for the special competition homework in your email this week!
We learnt the rules of Ken-Ken in class. On each row and each column of a n × n grid, you must have the digits 1, . . . , n appear once
and only once. Further, the digits in a cage (that is, a group of squares
that have a border around them), should satisfy the operation in the
cage. For instance, if there are three squares in a cage, and the operation says 6×, the three numbers must multiply to six (so they can be
1, 1, 6, or 1, 2, 3. If it had said 6+, the three numbers must be 1, 1, 4, or
1, 2, 3, or 2, 2, 2. The order in which they appear in the squares needs
to be figured out using logic. Here are some Ken-Ken challenges for
you to try.
These are from Tom Davis’ tutorial on Ken Ken, available on his
web site (http://www.geometer.org/mathcircles/index.html). Tom
Davis is a famous engineer, who worked at SGI in its heyday as Principal Scientist.
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Warm up with Quickies. Today’s quickie was
Quickie 1. I bought a Ken Ken book at a 20% discount. I paid ten dollars.
What was the original price of the book?

Problems
We learnt the rules of Ken-Ken in class. On each row and each column of a n × n grid, you must have the digits 1, . . . , n appear once
and only once. Further, the digits in a cage (that is, a group of squares
that have a border around them), should satisfy the operation in the
cage. For instance, if there are three squares in a cage, and the operation says 6×, the three numbers must multiply to six (so they can be
1, 1, 6, or 1, 2, 3. If it had said 6+, the three numbers must be 1, 1, 4, or
1, 2, 3, or 2, 2, 2. The order in which they appear in the squares needs
to be figured out using logic.
These are from Tom Davis’ tutorial on Ken Ken, available on his
web site (http://www.geometer.org/mathcircles/index.html). Tom
Davis is a famous engineer, who worked at SGI in its heyday as Principal Scientist.
Last week, I assigned easy 4 × 4 puzzles; this week, we did a 6 × 6
puzzle in class, and I assigned the kids to continue with the other
puzzles on the sheet. The answers to these are attached.
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16 Easy Solutions
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3
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4
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4

1
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2

1
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4

3
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2

3

1

4

3

4

2

1

3

2
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2

3

4

1
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1
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4

2

3

4

4
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4

3

2

1

4
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1

3
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1
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2
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3

4

3

2

2

4

1

4

1

3

2

4

3
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3

1
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1

3

2

2

4
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2
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1
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4

3

4

1

4

1

2
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4
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1

2
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2

3

3
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1
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2

2

1

1

3
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2
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1
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3

1

2

4

4

3

1

2

2
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3

1
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2
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2

4
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18 Easy 6 × 6 Solutions
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6×

6

15 +

2

3

4

1

5
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1

6
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2

3

13 +

5

6

3

1

3

2

1

6

4

5

1

3

2
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6

2

1

4

4
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1

3

6

4

6

2

5

6

5

2

2

4

5
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1

1

5

6

4

5
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3

3

4

1

6

3

5

4

4

5
6
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6
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6

1

6

2

6

1

5

2

1

3
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4

1

3

5

3

4

5

6

3

1
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1
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5

2
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1
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6
3

4
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6
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5

5
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2

5

5

3

3
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1

5

6

3

6
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2

4

6

3
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2

4
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3
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2
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6
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6

4

2

5

4

5
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5
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2
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1

2
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3
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1
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4
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Warm up with Quickies. Today’s quickie was
Quickie 1. I bought a Ken Ken book at a 20% discount. I paid ten dollars.
What was the original price of the book?

Problems
We learnt the rules of Ken-Ken in class. On each row and each column of a n × n grid, you must have the digits 1, . . . , n appear once
and only once. Further, the digits in a cage (that is, a group of squares
that have a border around them), should satisfy the operation in the
cage. For instance, if there are three squares in a cage, and the operation says 6×, the three numbers must multiply to six (so they can be
1, 1, 6, or 1, 2, 3. If it had said 6+, the three numbers must be 1, 1, 4, or
1, 2, 3, or 2, 2, 2. The order in which they appear in the squares needs
to be figured out using logic.
These are from Tom Davis’ tutorial on Ken Ken, available on his
web site (http://www.geometer.org/mathcircles/index.html). Tom
Davis is a famous engineer, who worked at SGI in its heyday as Principal Scientist.
Last week, I assigned easy 4 × 4 puzzles; this week, we did a 6 × 6
puzzle in class, and I assigned the kids to continue with the other
puzzles on the sheet. The answers to these are attached.
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Warm up with Quickies. Today’s quickie was
Quickie 1. Imagine six glasses in a row, the first three full with water, and
the last three empty. By moving just one glass, can you make them alternate
(that is, full, empty, full, empty, full, empty)?
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Homework
We studied permuations and combinations today. Here are some
exercises that will help you review what we learnt. And don’t forget
to work on the challenge problems!

permutations. Different ways of
arranging objects.
combinations. Different ways of
choosing objects.

Assignment 1. Four girls sit facing the teacher in MOEMS class. In how
many ways can they arrange themselves?
Assignment 2. Four girls sit around a square desk in MOEMS class. In
how many ways can they arrange themselves?
Assignment 3. The teacher wants to choose a MOEMS team, of the best
four scorers in the challenge problems. How many ways is it possible that
there is exactly one girl in the team? Exactly two? None? Three? Four?
Assignment 4. How many possible teams are there in the above scenario
with at least one girl in the team? Could you count this differently?
Don’ t forget the last assignment! (The
one you need to remember in your
head).
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Warm up with Quickies. Today’s quickie was
Quickie 1. A and B together weigh 62 pounds, B and C together weigh 65
pounds, and C and A together weigh 67 pounds. How much do A, B, and C
weigh individually?

Problems
The students are now experienced enough that I only present hints to
remind them of the solutions discussed in class.
Problem 1. Find the smallest set of numbers so that the sum and product
are both 2004.
Solution. Hint: What happens to the sum and product of a set of
numbers if you add 1 to the set? How can you use the prime decomposition theorem to make sure you have covered all the factors?
Problem 2. There is an island in the middle of a square lake. A lady left
her dog behind on the island, but was too lazy to row back to bring the dog.
She has two planks, but both of them are just short than the shortest distance
to the shore from the island. Is there a way she can avoid rowing back, and
have the dog come back to the shore?
Solution. Hint: What if a plank can rest on another?
Problem 3. The sum of the years on a set of eight consecutive volumes on
an Encyclopaedia is 15716. What are these years?
Solution. Hint: Will it help to start with the average? How about
using the sum of 1 through 8?

Homework
Here are some exercises that will help you review material from
earlier in the course. And don’t forget to work on the challenge problems!
Assignment 1. Buses leave from city A to city B every two minutes, and
take 30 minutes to reach. A car leaves city A at the same as a bus, and goes
to city B. But the car only takes 71/2 minutes. How many buses does the
car pass?
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Assignment 2. Here is a game for two players. There are two piles of
stones, one with 13 and one with 7. The players take turns, and can remove
one, two or three stones on their turns. The player who removes the last
stone wins. Is there a winning strategy for either player?
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Warm up with Quickies. Today’s quickie was
Quickie 1. A and B together weigh 62 pounds, B and C together weigh 65
pounds, and C and A together weigh 67 pounds. How much do A, B, and C
weigh individually?

Problems
The students are now experienced enough that I only present hints to
remind them of the solutions discussed in class.
Problem 1. Find the smallest set of numbers so that the sum and product
are both 2004.
Solution. Hint: What happens to the sum and product of a set of
numbers if you add 1 to the set? How can you use the prime decomposition theorem to make sure you have covered all the factors?
Problem 2. There is an island in the middle of a square lake. A lady left
her dog behind on the island, but was too lazy to row back to bring the dog.
She has two planks, but both of them are just short than the shortest distance
to the shore from the island. Is there a way she can avoid rowing back, and
have the dog come back to the shore?
Solution. Hint: What if a plank can rest on another?
Problem 3. The sum of the years on a set of eight consecutive volumes on
an Encyclopaedia is 15716. What are these years?
Solution. Hint: Will it help to start with the average? How about
using the sum of 1 through 8?

Homework
Here are some exercises that will help you review material from
earlier in the course. And don’t forget to work on the challenge problems!
Assignment 1. Buses leave from city A to city B every two minutes, and
take 30 minutes to reach. A car leaves city A at the same as a bus, and goes
to city B. But the car only takes 71/2 minutes. How many buses does the
car pass?
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Assignment 2. Here is a game for two players. There are two piles of
stones, one with 13 and one with 7. The players take turns, and can remove
one, two or three stones on their turns. The player who removes the last
stone wins. Is there a winning strategy for either player?
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Warm up with Quickies. Today’s quickie was
Quickie 1. Can you show that the product of three consecutive numbers is
always divisible by 6?

Problems
The students are now experienced enough that I only present hints to
remind them of the solutions discussed in class.
Problem 1. Buses leave from city A to city B every two minutes, and take
30 minutes to reach. A car leaves city A at the same as a bus, and goes to
city B. But the car only takes 7.5 minutes. How many buses does the car
pass?
Solution. One way to see this is to draw a diagram in your math
notebook, a quad ruled one. Mark A and B on two points on a horizontal line. (It doesn’t matter how far apart you choose them). Now
mark points on a vertical line, with every pair of points two minutes
apart. A bus leaving from A at any time will reach B thirty minutes
later. So, you can draw a line to show where the bus would be at any
in between time. The buses will go at a steady speed, so this will be
a straight line, sloped from A, 0 min) to ( B, 30 min). Since there are
buses leaving every two minutes, you will draw many such lines,
parallel to each other, starting two minutes apart. Now, if you draw
a similar line for a car, starting at the same time as a bus, but taking
only 7.5 minutes, you will see the points (and the times) where the
car passes the bus. If you draw this figure, you will see that the car
passes twelve buses including the one that it started with. (Draw this
and check!).
How fast are the cars going relative to the buses?. The
problem does not say how far apart the cities are, so we cannot find
out the actual speed. But that does not matter! To find out how many
buses the car passes, all we need to know is how much faster the car
goes relative to buses. So, let us choose any convenient distance for
the two cities. Since we see the numbers 7.5 and 30, we can choose
the cities to be 60 miles apart. So a bus must be going at 2 miles
per minute (is this bus slow or fast?), while the car goes at 8 miles
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per minute. (Can cars go this fast?). Since the buses leave every two
minutes, they must be four miles apart. Relative to the bus, the car
goes at 6 miles every minute. So, every 2/3 minute the car passes a
bus. Since it the car travels for 7.5 minutes, there will be eleven such
intervals, (why?), and counting the one it started with, the car will
pass twelve buses.
Problem 2. Here is a game for two players. There are two piles of stones,
one with 13 and one with 7. The players take turns, and can remove one,
two or three stones on their turns. The player who removes the last stone
wins. Is there a winning strategy for either player?
Solution. Hint: If you find a problem difficult, first simplify the problem! What if there were only one pile? What if there were 1, 2 or 3
stones in one pile? What if there were 4? When can the first player
win? When can the second player win? Keep going. What if there
were up to 13 stones? Do you see that after you choose some stones,
the problem reduces to something you have already solved for a
smaller number of stones? Fill out a table like here.
Table 1: Table for One Pile of Stones

Number of stones
1
2
...
7
...
13

Can A choose last always?
Yes (choose 1)
Yes (choose 2)
...
Yes (choose 3)
...
Yes (choose 1)

Can A make B choose last?
No
Yes (choose 1)
...
Yes (choose 2)
...
No

From this table, you should be able to see that with a seven stone
pile, the first player can both choose the last in the pile, or force the
opponent to choose last. But with the thirteen stone pile, he can only
be the one to choose last, he cannot force the opponent to choose last.
Now consider what happens when you have two piles. Let us
write the number of stones in the two piles as ( a, b) where these are
the two numbers. Now make a table like this. Notice that whenever
the second player has a way to win for ( a, b), the first player can win
for ( a + 1, b), ( a + 2, b), ( a + 3, b); simply by removing one, two or
three stones, he can now have the situation of the second player.
Table 2: Table for Two Pile of Stones

1 stone in Pile 1
...
13

1 stone in Pile 2
B wins
...
B

2 stones in Pile 2
A wins
...
A

...

A

A

B

A

A
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Fill out this table! From this, you will see that the strategy to
follow is

3

The best way to learn is to work
through things yourself!

1. When possible, make the number of stones equal! This way,
now you can imitate the opponent by playing whatever he plays.
Clearly, you will win. (Remember the penny problem!).
2. Otherwise, maintain a difference of four between the two piles.
This is always possible after the first time you do this. This is
because, no matter where the opponent removes stones, you can
remove the appropriate number from the other pile.
Finally, the game will reduce to one of the following piles (1, 5), (2, 6), (3, 7), (4, 8).
Now you know the winning strategy!

Homework
Remember the challenge problems!
Assignment 1. Can you arrange the digits 1, 1, 2, 2, 3, 3, 4, 4 into an eight
digit number where the 1s are separated by 1 digit, the 2s by two digits, the
3s by three digits, and 4s by four digits?
Assignment 2. If you divide a positive whole number by 95, you get a
remainder of 75. What reminder do you get when you divide it by 57?
Don’t forget the problem to remember!
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Warm up with Quickies. Today’s quickie was
Quickie 1. A greyhound takes one second to run past a slender pole. It
takes four seconds to run through a eighteen foot long tunnel. How long is
the greyhound?

Problems
The students are now experienced enough that I only present hints to
remind them of the solutions discussed in class.
Problem 1. Can you move two matchsticks to make the five square figure

into four squares?

Solution.
Problem 2. Can you arrange the digits 1, 1, 2, 2, 3, 3, 4, 4 into an eight digit
number where the 1s are separated by 1 digit, the 2s by two digits, the 3s by
three digits, and 4s by four digits?
Solution. What is the most restrictive condition you can start with?
(That is, with the fewest number of possibilities). What is the next
most restrictive? Finally, you should get just two such numbers
(41312432 and 23421314).
Problem 3. If you divide a positive whole number by 1995, you get a
remainder of 75. What reminder do you get when you divide it by 57?
Solution. Sorry. I made a mistake in stating the problem. It should
have been 1995, not 95. Notice that 1995 is divisible by 57. This
should help you figure out that the remainder will be 18. Why?
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Homework
Remember the challenge problems!
Assignment 1. How many three digit numbers have the sum of their digits
equal to 6?
Assignment 2. A palindromic number reads the same backwards or
forwards (for example, 12321). Find all palindromic numbers between 10
and 1000 so that the sum the digits as well as the product of the digits is the
same (For 12321 these are 9 and 12 respectively, not equal).
Don’t forget the problem to remember!
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Problems
Using the computer is yet another way to solve problems. Computers
can solve problems that can become tedious for us to solve by hand.
Many problems are so hard that they can only be solved using a
computer. They can also help check answers we get when we solve a
problem using pen and paper.
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Problem 1. How many three digit numbers have the sum of their digits
equal to 6?
Solution. There are only a few ways three digits can sum to six (remember that two of the digits can be zero). Once you find these
ways, for each of them, there are at most six permutations (why six?
why at most) of the three digits that give rise to different numbers.
You should write the numbers systematically - for instance, I wrote all
the digits in a number in non-increasing order, and the numbers in
decreasing order, to be sure I got all of them, and got them only once.
Now, simply count every one that you listed. You should get 21.
The following computer program will print out the numbers. (You
should type this into a file called, say, sum_of_digits.py, and run the
program by invoking the Python interpreter: python sum_of_digits.py.

A good way to learn Python is to
download the free book Think Python
from http://www.greenteapress.com/

def s u m _ o f _ d i g i t s ( number ) :
thinkpython/thinkpython.html
number_as_string = s t r ( number )
sum = 0
index = 0
while index < l e n ( number_as_string ) :
sum = sum + i n t ( number_as_string [ index ] )
index = index + 1
r e t u r n sum
f o r i in range ( 1 0 0 , 1 0 0 0 ) :
i f s u m _ o f _ d i g i t s ( i ) == 6 :
print i
Why is it useful to write such a program? Note that you can do
this for any sum, not just six. In fact, you should try to figure out all
the possible sums of digits, and how many numbers have theirs sums
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equal to this. You can even do this for all four digit numbers, all five
digit numbers, and so on!

Problem 2. A palindromic number reads the same backwards or forwards
(for example, 12321). Find all palindromic numbers between 10 and 1000 so
that the sum the digits as well as the product of the digits is the same (For
12321 these are 9 and 12 respectively, not equal).
Solution. First, list the palindromic numbers in a systematic way (all
two digits, all three digits beginning with 1, and so on). You don’t
have to check numbers with zero (why?). Next, notice how the sum
of the digits increases, and how the product of the digits increases as
you move across in each row. Use this to figure out when (or if) they
will be equal. Did you find the unique such number?
Here is a program that solves this problem. Copy this into a file
called palindrome.py and run it using python palindrome.py.
def r e v e r s e ( word ) :
reversed_word = ’ ’
f o r i in range ( l e n ( word) − 1 , − 1, − 1):
reversed_word = reversed_word + word [ i ]
r e t u r n reversed_word

def i s _ p a l i n d r o m e ( word ) :
i f word == r e v e r s e ( word ) :
r e t u r n True
else :
return False

def s u m _ o f _ d i g i t s ( number ) :
sum = 0
number_as_word = s t r ( number )
f o r char in number_as_word :
sum = sum + i n t ( char )
r e t u r n sum
def p r o d u c t _ o f _ d i g i t s ( number ) :
product = 1
number_as_word = s t r ( number )
f o r char in number_as_word :
product = product * i n t ( char )
r e t u r n product
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f o r i in range ( 1 0 , 1 0 0 0 ) :
i f is_palindrome ( s t r ( i ) ) :
i f s u m _ o f _ d i g i t s ( i ) == p r o d u c t _ o f _ d i g i t s ( i ) :
print i
Again, note how easy it would be to find the answer for all number ranges, not just three digit numbers. For instance, try changing
the range to ten million. How many do you find? Which ones are in
between a million and ten million?

Problem 3. What are the different areas of rectangles you can make with 36
matchsticks? Which one is maximum?
Solution. Here is another example of how computers can be useful
- a picture is worth a thousand words! Try putting the areas you
got for different rectangles into the computational engine at http:
//www.wolframalpha.com, like we did in class, and look at the plot.
Again, the advantage of doing this by computer is that this can be
done easily for any number of matchsticks, and you can check that
you will get the same shape. (You can even solve this problem, and
much more complicated mathematics problems, by using this site).
Do your remember the ostriches and zebras problem? What will
you get when you plot the number of legs against the number of
ostriches?

Homework
Assignment 1. Look at the solutions of the challenge problems. See if you
now know how to solve the problems (even if you still will need more time
to actually solve them - you only need to think about what steps would solve
the problem.)
Assignment 2. Skim through everything we learnt this year, the different
strategies, and examples of problems solved using those. Next class, I will be
asking each of you to discuss one strategy and a relevant problem.
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We have spent a full year learning many ways to solve problems,
about habits that will make us better problem solvers, and also some
facts that will help. Here is a review. If any of these are not familiar,
you should review the notes from the session where we first learned
it.

Review of Strategies
Read the problem carefully! Nothing works if you are solving
the wrong problem! e.g. Two coins, one not a nickel, adding to 30c.
Guess and Check (or Trial and Error) Guess at the solution,
check if it works. If it doesn’t, can you move closer to the real solution? e.g. Guess 9 zebras and 9 ostriches in Zebras and Ostriches.
Start with an easy guess. A guess that is easy to calculate from.
Look for a pattern See if a similar pattern helps find the answer.
Look at Extremes They are often a good starting point to search
for a solution. e.g. All zebras or all ostriches in Zebras and Ostriches.
Are there Invariants? What doesn’t change as you change things
around? Does that help? e.g. Number of heads when you replace
zebras by ostriches in Zebras and Ostriches.
Working Backward Can you get the solution by starting at the
end? e.g. Birds and Trees problem.
Algebra and Equations Lazy man’s arithmetic! Build up your
intuition before using them.
Break up the Problem into Simpler Parts e.g. Figure with a
square and half a square on it.
Count the Complement Sometimes it is easier to count the leftovers!
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Count Another Way Find another way to count the same thing!
e.g. the matches in a knock out tournament and the losers.
Make a Systematic List Think of some way to organize your
information so you know you haven’t missed anything.
Act it out Sometimes, just imagining the steps one after another
helps solve the problem. e.g. Money gained and lost.
Draw a Diagram Drawing a picture helps solve many problems,
especially in geometry. e.g. measuring lengths with rulers; pancakes.
Simplify the Problem
Can you solve a simpler problem? Make the numbers smaller,
for example. Consider the Worst Case See what happens when the
everything goes wrong! e.g. Colored candies, and the number to
choose so you have N of one color.
Generalize! Sometimes it is actually easier to solve a more general
problem (e..g Median in the middle in the magic square). It is also
important, because most mathematics is, in a way, generalizing from
special cases to Theorems.
Specialize! More often, it helps to consider special cases - e.g. to
prove the sum of consecutive odd numbers.
Parity Look at whether you can use even and odd to solve the problem.
Proof by Contradiction Assume the opposite. Does it lead to a
contradiction?
Proof by Exhaustion Prove by trying every possible case. e.g.
covering a 4x4 board with one set of diagonally opposite corners
removed, using 2x1 dominoes. Only two cases to try.
Proof by Coloring In some problems, coloring the parts helps.
e.g. covering 8x8 board with one set of diagonally opposite corners
missing using 2x1 dominoes.
Logical Deduction Look at what can be true or false.
Proof Without Words Can sometimes prove things by using a
diagram. (This is just a more powerful case of the draw a diagram
strategy). e.g. What did we prove just by drawing some diagrams?
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Take Help from a Computer! Some problems can be solved by
thinking of an algorithm, and programming a computer to follow
that algorithm to solve the problem!
Symmetry Is there a symmetry in the problem you can use? e.g.
coin placing game.

Principles
Read the problem carefully! The most important principle; and
a strategy as well.
Reflect on the solution. The most important learning happens
after you solve the problem. Think how you could have solved it
better!
There are many ways to solve a problem. Try to find alternative solutions to the problems, especially after solving them.
Enjoy being stuck. The Aha experience that follows is fun! Carry
around problems in your head! The practice of putting away problems in your mind, and thinking about them again when you get
some time, is very helpful.
Sleep on Problems. Wake up with a solution! It helps sometimes
to think deeply about a problem, but then step away from it. The
solution suddenly springs into mind. (e.g. Kekule discovering the
structure of Benzene in his dream).
Exercises and Problems An exercise is one that you know how
to do, and which helps remember what you learnt. A problem is one
that you are not sure how to do. Make every problem an exercise!
Elementary but not Easy! A problem can be elementary, that
is, not require advanced methods such as Calculus, but yet be hard,
that is, difficult to solve. (e.g., showing the mean is in the middle in a
magic square of consecutive integers).
Check your Answer! Even better, check it by solving the problem
another way!
If stuck, try proving the opposite! If after trying several examples, you don’t succeed, look at whether you can prove that you
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cannot succeed! e.g. Dividing 100 rabbits among five children so all
of them get an odd number.
Conjectures, Theorems, and Counterexamples When you
make some observations (e.g. odd number of people were unable to
have odd number of handshakes each), you can make a conjecture, a
guess that this must be true. You can then either prove it, in which
case it becomes a theorem, or disprove it using a single counter-example
(an example where it isnÕt true).

Facts and Formulae
sum of numbers in a sequence Remember how to calculate the
sum of the first n numbers! Remember what the sum of the first n
odd numbers is!
Area and Perimeter If a rectangle has length L meters and width
W meters, the area is LxW square meters, and the perimeter is 2 x
(L+W) meters. Note the units!
Square Root and Divisors To find out all the divisors of a number, we only need to check up to the square root of the number, after
that, the factors repeat. The square root of a number is the number
which when squared, gives the original number. e.g. Square root of
64 is 8.
Even and Odd Numbers Even numbers are those that can be divided by 2 without a remainder, that is, 0, 2, 4, 6, 8, and so on. All
other numbers are odd numbers, that is, 1, 3, 5, 7, etc. These leave
a remainder of 1 when you divide by 2. What do you get when you
add two even numbers? Two odd numbers? An even and an odd
number?
Prime Numbers A prime number is one that cannot be divided
without remainder by any number other than itself and 1. By convention, 1 is not prime. So the prime numbers are 2, 3, 5, 7, 11, 13, 17,
etc. Are prime numbers even or odd?
Fundamental Theorem of Arithmetic (Gauss) Every number
can be written uniquely as the product of powers of primes. This is
sometimes called prime decomposition of the number.
Probability To find the probability of something, find out how
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many ways it happens out of all the possible ways anything can
happen. e.g. The probability of getting a prime number when you
throw a single dice is 3/6 since there are 3 prime numbers that may
show up (2,3,5) out of the six possibilities.
Average Let us understand the average (sometimes called the mean)
using an example. We counted the number of children the families in
our MOEMS class had. There were 9 families, and 23 kids. So each
family had an average of 23/9 = 2 5/9 kids. That is, the number of
children is as if each family had 2 5/9.
Options Multiply If you can do the first thing in M ways, and the
second thing in N ways, you can do the two of them in order in MxN
ways.
Graphs A graph has vertices (dots) and edges joining them (lines).
The number of edges at a vertex is called the degree of the graph.
Goldbach’s Conjecture Every even number is the sum of two
primes.
Fermat’s last theorem You cannot find integers x , y, and z so
that
x n + yn = zn
is true for any n that is greater than 2.
The Pigeon Hole Principle If there are N + 1 pigeons and N
holes, at least one hole must have more than 1 pigeon. Similarly, if
there are mN + 1 pigeons and N holes, some hole must have m + 1
pigeons.

Sources
I have put together a detailed list of possibilities for what to do next.
While there is a huge amount of material around mathematical problem solving, only a small fraction of it is directly accessible or are
relevant for elementary school children. Here are some books and
web sites that I think are useful for us.
http://www.gcschool.org/program/abacus/index.aspx This
seems to be the one targeted towards the youngest kids. Run by
a dedicated teacher, Mr. Diveki, for over ten years, it features an
online monthly contest of beautiful problems at all levels, from 3rd
grade through 8th. My sons participate in this, and have benefitted a
tremendous amount.
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http://nrich.maths.org. Another site with a lot of material for
kids at elementary school level. A British effort associated with Cambridge University, has an extensive archive of wonderful problems.
http://plus.maths.org/index.html A companion site to the
above, it features accessible articles on the usefulness of mathematics
to many fields.
http://www.artofproblemsolving.com A site by and for math
olympiad enthusiasts. Some of you might grow into this soon.
Count Down, Six Kids Vie for Glory at the World’s Toughest MATH
Competition, Steve Olson is an inspiring book about the American
teenage contestants at the most difficult Olympiad of all - the IMO.
An account of some exceptional children and their achievements. For
parents of budding mathletes as well.
How To Solve It, George Polya is a classic book by a great mathematician, the first and still one of the best attempts to study problem
solving. Probably for your parent.
Maths Challenge 1 Tony Gardiner. A book that systematically and
gradually builds exploratory thinking in mathematics, accessible to
elementary school children.
TriMathlon, A Workout Beyond the School Curriculum, Judith D. Sally
and Paul J. Sally, Jr. and Solve This, James Tanton. Both these books
provide many stimulating and deep yet accessible mathematical
activities beyond problem solving. Especially useful for parent-child
activities. At the middle school level.
AHA! Insight, Martin Gardner. Martin Gardner is the doyen of
conveying deep mathematical ideas to the general public. This book
is a collection of problems for use in schools, problems that involve
the ’AHA’ reaction. Many of these will be accessible for our children.

Summer Suggestions
Assignment 1. Review all the material you learned in this class. Even if
you think you understood it the first time, you will find new ways of looking
at things.
Assignment 2. Some good web sites for you to look at are http://plus.
maths.org, http://nrich.maths.org, and http://www.artofproblemsolving.
com.
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Problems
You had about six weeks to work on these problems. You needed
to write up solutions that are clear, and complete. Each problem is
worth five points. I will be giving prizes at the end of the year to the
top four scorers. These problems are from previous years editions of
Abacus International Math Challenge.
I only outline the solutions here. The hints should be enough
for you to solve the problem, especially if you already have made a
serious attempt to solve it.
Assignment 1. A farmer has to house his pigs and piglets into three different sties. Ten piglets have one piglet each, ten others have two piglets each,
and ten have three piglets each. How should he put these animals into these
sties if he wants to have the same number of animals in each sty, but he does
not want to separate any piglet from its mom?
How many ways can you find that he can do this?
Solution. How many animals must be in each sty?
Group the piglets with their moms. What groups do you have?
You will find it easy to divide these groups among the three sties so
that each has the right number.
But, can you do it systematically so that you find all the way?! I
found a total of 45 ways to do this! How many did you find?
Assignment 2. I bought eleven pizzas for the class, but I realized there
were fifteen kids. I cannot cut a pizza into more than fourteen pieces, and
any one pizza has to be cut into equal sized slices. How can I divide the
pizza equally among the kids?
Solution. How much pizza does each child get (it has to be a fraction)? Since each pizza can be divided only into equal sized slices,
each slice in a pizza must be a certain fraction. We want to find a way
to add some of these fractions so that each child gets the right share.
What can you say about the possible denominators of these fractions,
based on the denominator of the fraction each child needs to get?
From this, you can find out the only possible way the pizzas need to
be divided.
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Assignment 3. Can you write the numbers 1, 2, . . . , 10 in the circles in the
figure so that the number in each circle (from the 2nd row on down) is the
difference of the two numbers above it?
Solution. You need to work patiently on this one!
• Can 10 be in the top row?
• Can 9 be anywhere but the top or second row? What about 8?
• Can 7 be at the bottom?
• Can 6 be at the bottom?
• Can 1 be at the bottom?
• Can 2 be at the bottom?
Reasoning this way, you should be able to see that only 3 or 4 can
be at the bottom. Trying these, you should be able to find there
are two solutions each with these at the bottom (ignoring mirror
images of the solutions, which are also solutions).

Assignment 4. They sell ping pong balls in bags of 5 or 8. I wanted to buy
a certain number of balls. But the sales person said he was not allowed to
open any bags, and so couldn’t give me that many. But, he helpfully added,
if I had asked for any higher number of balls, he could have sold me that
many without having to open any of the bags. How many balls did I want to
buy?
Solution. Once you find five consecutive number of balls that you can
make up using these bags, you can make all higher ones. Why? So
you need to find the lowest such set.
You can use a sieve, like you use to find out prime numbers. Write
all the numbers below say a hundred. Cross out ones divisible by 8
and 5. Now cross out those that are 8 or 5 above the first set. Why?
Keep proceeding this way. When do you stop?
Did you find that 27 was the largest number to remain?
Assignment 5. Write the numbers 1, 2, . . . , 9 in the circles so that the sum
of the numbers on each side of the triangle is the same. What is the difference
between the smallest and the largest such sums?
Solution. What should you get when you add this sum for all the
sides? Does this tell you something about when the sum is smallest
and when it is largest (hint: what about the sum of the three numbers
on the vertices)? Did you get 6?
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Assignment 6. The Math Olympiad in October and the one in November
both fell on a Monday. But the date of the November one was five times the
date of the October one. What were these two dates?
Solution. How many days are in October? How many in November?
If the second date is five times the first, what are the possibilities for
the first date you need to think about?
How many days apart can these two Mondays be?
Assignment 7. Two cities, Whoville and Whereville, are twenty five miles
apart, and connected by a straight road. There are five other cities on this
road. The interesting thing is that the distance between any two of these
seven cities is a whole number of miles. Not only that, if someone tells you
the distance they drove when they drove from a city to another, you can
immediately say which pair of cities they drove between! Give a possible
arrangement for the locations of the five cities so that this is true.
Solution. So we want six different numbers that add up to 25. What
is the biggest possible number in the set? What is the smallest number in the set? Can we have the set without 2? Can we have the set
without 3? How?
This is a fairly tricky problem, called Golomb rulers. Read more
about them at http://mathworld.wolfram.com/GolombRuler.html

Assignment 8. In Wonderland, there are only 3, 5, and 7 dollar bills.
And, you never get back any change. In how many different ways can you
pay for a tea set that costs 40 dollars?
Solution. This is an excellent problem to see if you can think carefully
and work systematically. One way is simply to enumerate systematically. Is it possible to do it with just 3 dollars? Just 5? How about 3
and 5? etc.
In fact, you can make a table like this:
Table 1: default

Number of $3 bills
0
0
...
13

Number of $5 bills
0
0
...
0

Number of $7 bills
0
1
...
0

Total
0
7
...
39

From such a table, you can read off the different ways that the
total adds up to forty. There are eleven ways.
Recursion is an idea we have introduced only a little bit in this
class (when we talked about derangements and factorials). But it is a
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very deep idea, and is very useful here. Suppose we say A(n) is the
number of ways of getting the total n using only 3 dollar bills. This
means for instance (why?)
A(3) = A(6) = · · · = A(39) = 1
, while all the others are zero.
Now, suppose B(n) is the number of ways to get n using 3 and 5
dollar bills; and C (n) is the number of ways to get n using all three.
Now try to understand why the following two relationships are true.
B ( n ) = A ( n ) + B ( n − 5)

C ( n ) = B ( n ) + C ( n − 7)

We can take A(0) = B(0) = C (0) = 1; that is, there is only one way to
get zero dollars from these (taking zero of them!).
Now, try to fill out the following table. You can fill out the A column easily from above, and then the B column using the relationship
above, and then the C column. This is easy!
Total n
0
...
27
...
40

A(n)
1
...
1
...
0

B(n)
1
...
2
...
3

C(n)
1
...
6
...
11

Again, this shows that there are eleven ways of getting 40 using all
three! (There are none using just 3, and three ways with just 3 and 5
bills.
Assignment 9. I have a window on my wall, divided into 3 × 3 panes. I
want to paint some panes yellow, but I want the pattern to look the same
from outside as it does from inside.
How many different ways can I do this if I paint
• Two sections yellow?
• Three sections yellow?
Solution. The simplest way is to enumerate the ways, but systematically! For instance, if you want to have to sections yellow, think of all
the ways in which the two sections are in the first column, then in the
second column, and then in the third. Then when one is in the first
with the second in the second, one in the first and the second in the
third, and finally, one in the second and the second in the third. For

Table 2: default

4

alamo moems challenge problems solutions

each of these six possibilities, visualize what happens when you look
from the other side.
Symmetry provides another way that is shorter. For each section,
(and it is convenient to label these section, say like in Chess, A, B, C
as the columns left to right, and rows 1, 2, and 3 bottom to top, so the
middle section for instance is B2). Think what that section is from the
other side. (For instance A1 on one side is C1 on the other). So, for
the window to look the same from the other side, such squares must
be colored identically. (For instance A1 and C1 must be colored the
same).
Either way you do it, you should get 6 and 10 as the two ways.

Assignment 10. Two explorers want to plant a flag 300 miles into the
desert. Each explorer can carry food for twelve days, and can walk a total of
30 miles a day. Can they do this, and still live to tell the tale?
Solution. Did you think about the possibility of one explorer giving
the other the food he is carrying? (Let us assume they cannot just
leave the food in the desert; it would spoil and be difficult to find).
But you need to keep in mind the maximum amount of food either
can carry.
Did you allow for an explorer to simply wait somewhere (of
course, he would need to eat the usual amount every day), while
the other goes back and brings him some more food? (Again, the person going back and forth would need to eat every day and get back
safely!).
When you do all this, I found a way whereby the flag was planted
and it was twenty days before both explorers returned; one having
traveled sixteen of those days, and the other all twenty.
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